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ABSTRACT 


This  thesis  is  concerned  with  the  problem  of  efficiently  analyzing  large 
separable  queueing  network  models  of  computer  systems.  Obtaining  the  exact 
solution  of  such  a  network  is  often  infeasible.  Approximation  techniques  have 
been  proposed  that  significantly  reduce  the  cost  of  network  analysis:  however, 
these  techniques  lack  bounds  on  the  errors  that  they  introduce.  This  thesis 
proposes  algorithms  that  bound,  rather  than  only  estimate,  the  queueing  net¬ 
work  solution. 

Each  bounding  algorithm  is  based  on  the  recursive  structure  of  one  of  the 
exact  solution  edgorithms,  in  which  a  queueing  network  solution  is  computed 
from  the  solutions  of  simpler  networks.  In  an  exact  solution  algorithm,  the 
recursion  basis  consists  of  trivial  networks  whose  solutions  are  known  a  priori. 
In  each  of  the  proposed  bounding  algorithms,  the  recursion  basis  consists  of 
much  more  complex  networks,  for  which  appropriate  approximate  solutions  are 
found  In  this  way,  the  proposed  bounding  algorithms  significantly  reduce  the 
cost  of  network  analysis. 

Each  bounding  algorithm  is  analyzed  with  respect  to  its  computational 
cost  and  its  accuracy.  A  comparison  is  given  among  proposed  and  previous 
bounding  algorithms,  with  the  goal  of  determining  appropriate  bounding  algo¬ 
rithms  for  various  accuracy  requirements,  cost  constraints,  and  queueing  net¬ 
work  types. 
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CHAPTER  1 


HTTRODUCnON 


Advances  in  technology  have  led  to  increasingly  complex  and  powerful 
computer  systems.  At  the  same  time,  user  expectations  of  the  quantity  and 
quality  of  the  service  provided  have  increased.  These  two  trends  make  the 
tasks  of  system  design,  configuration  planning,  and  system  tuning  ever  more 
diSicult  and  crucial. 

These  tasks  cannot  be  effectively  performed  without  the  ability  to  deter¬ 
mine  the  performance  characteristics  of  both  proposed  and  existing  computer 
systems.  For  this  purpose,  queueing  network  models  are  important  tools,  and 
are  the  subject  of  this  thesis.  In  particular,  methods  of  efficiently  analyzing 
queueing  network  models  for  the  required  performance  predictions  are  investi¬ 
gated. 

Section  one  of  this  introduction  considers  the  motivation  and  the  metho¬ 
dology  for  performance  modelling.  Section  two  describes  the  particular  model¬ 
ling  tool  of  interest,  the  queueing  network.  The  principal  methods  of  analyzing 
queueing  networks  are  treated  in  section  three.  Rnally,  section  four  outlines 
the  thesis  contents. 

1.1.  Performance  Modelling 

Knowledge  of  the  performance  characteristics  of  a  computer  system  is 
required  throughout  the  computer  system  life  cycle;  from  system  design  to 
configuration  planning  to  system  tuning.  Since  the  expense  of  system 
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modification  for  experimental  purposes  may  be  prohibitive,  many  of  the  perfor¬ 
mance  questions  that  arise  during  the  system  life  cycle  cannot  be  answered  by 
measurement.  Even  when  the  appropriate  hardware  and  software  are  in  place, 
often  a  projected  rather  than  an  existing  workload  is  of  interest.  These  factors 
motivate  the  use  of  performance  modelling ,  in  which  an  abstraction  (model)  of 
a  system  is  used  to  derive  system  performance  measure  estimates. 

The  most  common  form  of  performance  modelling  involves  three  phases 
[Lazowska  et  al.  04].  In  the  validation  phase,  a  model  is  constructed  and  its 
sufficiency  established  through  a  number  of  experiments  in  which  the  model  is 
parameterized  to  reflect  the  attributes  of  an  existing  system.  In  each  experi¬ 
ment,  model  performance  measure  values  are  compared  to  available  measure¬ 
ment  data.  In  the  projection  phase,  the  model  is  used  to  derive  performance 
predictions  for  the  system  of  interest  (typically,  a  modification  of  an  existing 
system).  The  verification  phase  serves  to  validate  the  model  further,  and 
takes  place  when  measurement  data  for  the  system  of  interest  becomes  avail¬ 
able. 

In  addition  to  its  generality,  modelling  has  the  advantage  of  offering  a 
spectrum  of  available  accuracy  and  cost  levels.  Very  simple  models  (based 
perhaps  only  on  simple  extrapolation)  can  be  developed  and  utilized  with  very 
little  associated  cost.  If  the  accuracy  of  these  models  is  insufficient,  it  is  possi¬ 
ble  to  develop  more  complex  and  costly  models  that  achieve  greater  accuracy. 
Practical  experience  has  shown  that  queueing  network  models  can  achieve  a 
suitable  compromise  between  accuracy  and  cost  [Graham  78]. 

1.2.  Queueing  Network  Models 

The  amount  of  contention  for  resources  is  a  critical  factor  in  the  perfor¬ 
mance  of  a  computer  system.  A  natural  choice  for  a  computer  system  model  is 
therefore  a  network  of  queues,  or  queueing  network.  Each  queue  is  associated 
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■yvith  a  particular  system  resource,  such  as  a  disk  unit  or  a  processor.  User 
work  units,  the  customers  of  the  queueing  network,  move  from  queue  to  queue 
as  they  demand  and  release  system  resources.  Each  queue  has  an  associated 
server  that  provides  service  to  its  enqueued  customers:  a  queue-server  pair  is 
termed  a  service  center. 

Modelling  is  based  on  the  abstraction  of  essential  characteristics  from  the 
mass  of  system  details.  A  major  example  of  this  in  the  queueing  network 
modelling  context  is  the  assumption  of  equivalence  among  queueing  netv/ork 
customers.  Customers  are  grouped  into  classes-,  customers  mthin  the  same 
class  are  considered  indistinguishable  as  far  as  their  effect  on  system  perfor¬ 
mance  is  concerned.  As  an  example  of  the  use  of  classes,  a  system  with  mixed 
interactive,  transaction,  and  batch  processing  might  require  a  class  of  "interac¬ 
tive"  customers,  a  class  of  "transaction"  customers,  and  a  class  of  "batch"  cus¬ 
tomers.  An  example  queueing  network  model  (unparameterized)  of  such  a  sys¬ 
tem  is  provided  in  figure  1.1.  A  special  symbol  is  used  for  the  service  center 
representing  the  terminals  since  it  is  usually  assumed  that  each  user  has  his 
own  terminal,  and  therefore  never  has  to  wait  for  service. 

1.3.  Model  Analysis 

Performance  predictions  are  obtedned  from  a  parameterized  model  by  the 
process  of  model  analysis .  In  the  queueing  network  modelling  context,  there  is 
usually  a  direct  correspondence  between  model  "performance"  measures,  and 
actual  system  performance  measures.  For  example,  the  utilization,  by  queue¬ 
ing  network  customers,  of  the  service  center  representing  a  central  processor 
can  be  used  as  an  estimate  of  the  actual  central  processor  utilization. 

Model  analysis  may  be  either  exact  or  approximate .  In  an  exact  analysis  of 
a  queueing  network  model,  exact  values  are  obtained  for  the  model  perfor¬ 
mance  measures.  Any  discrepancies  between  these  values  and  the  actual 
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system,  values  are  due  to  the  approximations  made  in  the  model  construction. 
Approximate  analysis  introduces  additional  error,  since  approximations  rather 
than  exact  values  are  obtained  for  model  performance  measures.  In  many 
situations  of  practical  interest,  particularly  when  a  large  model  must  be 
analyzed,  exact  analysis  is  too  expensive  computationally  to  be  of  use,  and 
approximate  analysis  becomes  necessary. 

It  is  Important  to  distinguish  between  errors  due  to  approximations  in 
model  construction  and  errors  due  to  approximations  in  model  analysis.  The 
former  errors  decrease  the  credibility  of  the  model,  while  the  latter  errors 
decrease  the  credibility  of  the  model  validation  process  itself.  Only  if  there  are 
no  significant  errors  in  model  analysis  can  a  modeller  confidently  assert  that  a 
model  is  or  is  not  an  accurate  reflection  of  the  system  being  modelled.  It  is 
shown  in  chapter  two  that  the  errors  induced  by  at  least  one  popular  approxi¬ 
mate  analysis  technique  may  be  very  significant,  and  in  fact  may  completely 
dominate  other  errors. 

When  approximate  analysis  is  used,  confidence  in  the  model  validation  pro¬ 
cess  and  in  the  performance  predictions  obtained  from  a  model  can  be 
increased  by  providing  the  modeller  with  bounds  on  the  maximum  error  that 
the  approximate  analysis  could  have  induced.  This  can  be  done  in  three  major 
ways.  In  a  bounding  algorithm,  the  approximate  analysis  technique  used  first 
computes  bounds  on  model  performance  measures,  and  then  using  these 
bounds  applies  a  simple  heuristic  (choosing  bound  interval  midpoints,  for 
example)  to  obtain  point  estimates.  In  an  error-bounded  approximation  algo¬ 
rithm,  on  the  other  hand,  bounds  are  computed  only  after  a  major  portion  of 
the  computational  effort  has  been  expended  on  point  estimates.  Typically,  the 
error  bounds  provided  by  an  error-bounded  approximation  algorithm  will  be 
looser  than  those  provided  by  a  comparable  bounding  algorithm  (for  a  given 
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computational  investment),  while  the  point  estimates  will  be  more  accurate. 
Hybrid  algorithms  are  also  possible:  in  these  algorithms  significant  computa¬ 
tional  effort  is  independently  expended  both  on  point  estimates  eind  on  perfor¬ 
mance  measure  bounds.  The  computed  point  estimates  may  lie  outside  the 
computed  bounds,  in  which  case  some  heuristic  is  applied  (discarding  the  com¬ 
puted  point  estimates  and  choosing  appropriate  bound  interval  endpoints,  for 
example)  to  ensure  consistency. 

Approximate  analysis  techniques  for  queueing  network  models  can  be 
grouped  into  two  major  classes:  analytic  techniques  and  simulation.  Since 
simulation  is  computationally  expensive,  often  analytic  techniques  eire  pre¬ 
ferred. 

1.4.  Thesis  Outline 

In  this  thesis,  analytic  techniques  that  provide  bounds  on  induced  errors 
are  developed  for  the  approximate  analysis  of  queueing  networks.  The  develop¬ 
ment  is  centered  on  analytic  bounding  algorithms;  such  an  algorithm  may  then 
be  used  independently  or  as  a  component  of  a  hybrid  algorithm. 

Many  actual  computer  system  modelling  studies  are  based  on  separable 
queueing  networks  [Lazowska  et  al.  84]  (cdso  termed  product  form  queueing 
networks  [Baskett  et  al.  75]  or  local  balance  queueing  networks  [Sauer  & 
Chandy  61]).  Even  when  computer  system  characteristics  require  the  use  of  a 
non-separable  queueing  network  model,  often  the  approximate  model  analysis 
requires  analyzing  several  related,  separable  queueing  networks.  Chapter  two 
characterizes  the  class  of  separable  queueing  networks  and  describes  their 
existing  exact  and  approximate  analysis  techniques.  Previous  applicable 
bounding  algorithms  are  surveyed  in  detail,  and  the  methodology  that  will  be 
used  to  construct  new  bounding  algorithms  is  outlined. 
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This  methodology  is  based  on  the  fact  that  the  exact  analysis  techniques 
{solution  algorithms)  for  separable  queueing  networks  are  recursive  in  struc¬ 
ture.  in  that  each  computes  the  solution  of  a  complex  network  from  the  solu¬ 
tions  of  simpler  networks.  The  recursion  basis  used  by  each  algorithm  consists 
of  queueing  networks  whose  solutions  are  known  a  priori. 

In  the  proposed  methodology,  a  bounding  algorithm  is  created  by  copying 
the  computational  structure  of  a  solution  algorithm.  Computational  cost  is 
significantly  reduced  by  utilizing  a  recursion  basis  that  consists  of  queueing 
networks  much  "closer"  to  the  desired  network  than  those  of  the  solution  algo¬ 
rithm  recursion  basis.  The  solutions  of  these  more  complex  queueing  networks 
are  not  kno'^vn  a  priori,  and  must  be  appropriately  estimated. 

There  is  a  natural  tradeoff  between  computational  cost  and  accuracy  in  the 
bounding  algorithms  created  using  this  methodology.  By  utilizing  simpler 
queueing  networks  in  the  recursion  basis,  greater  accuracy  can  be  achieved  at 
the  cost  of  the  additional  computational  steps  that  are  then  required. 

In  chapters  three,  four,  five  and  six.  this  methodology  is  used  to  develop  a 
number  of  distinct  bounding  algorithms.  These  bounding  algorithms  differ  as 
to  the  type  of  separable  queueing  network  treated,  the  solution  algorithm  used 
to  provide  the  basic  computational  structure,  and  the  precise  manner  in  which 
the  solution  algorithm  structure  is  utilized. 

Chapter  seven  contains  comparisons  among  two  of  the  bounding  algo¬ 
rithms  introduced  in  previous  chapters  and  a  bounding  algorithm  that  existed 
previously.  Accuracy,  computational  cost,  applicability,  and  implementation 
effort  are  the  principal  evaluation  criteria  that  are  eonsidered,  Recommenda¬ 
tions  are  made  as  to  appropriate  bounding  algorithms  for  various  contexts. 

Finally,  chapter  eight  contains  conclusions  and  directions  for  future 


research. 
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CHAPTERS 

SEPARABLE  QUEUEING  NETWORKS 


In  the  computer  system  modelling  context,  separable  queueing  networks 
have  two  major  advantages  over  non-separable  queueing  networks.  First  of  all, 
an  exact  solution  of  a  non-separable  queueing  network  is  usually  computation¬ 
ally  intractable.  Separable  queueing  networks,  on  the  other  hand,  can  be 
solved  relatively  efficiently  for  the  required  performance  measures.  The  com¬ 
putational  expense  required  for  an  exact  solution  is  prohibitive  only  when  the 
queueing  network  is  large.  Secondly,  separable  queueing  network  models  are 
relatively  easy  to  parameterize,  requiring  only  the  workload  intensity  of  each 
customer  class  and  the  Loadings  (measures  of  service  demands)  of  customers 
of  each  class  at  each  service  center.  Even  these  modest  requirements  strain 
the  limits  of  available  workload  measurement  and  estimation  tools. 

In  section  one  of  this  chapter,  the  class  of  separable  queueing  networks  is 
characterized.  This  task  is  complicated  somewhat  by  the  existence  of  two  fun¬ 
damentally  different  views  of  queueing  networks,  those  of  operational  analysis 
and  stochastic  analysis  [Graham  78.  Sevcik  &  Klawe  79].  Section  two  describes 
the  major  separable  queueing  network  solution  algorithms.  Section  three  con¬ 
siders  previous  approximate  analysis  techniques;  in  particular,  an  example  is 
given  in  which  a  popular  approximate  analysis  technique  induces  an  unaccept¬ 
able  error  in  queueing  network  performance  measures.  Rnally,  section  four 
focuses  on  bounding  algorithms.  Previous  bounding  algorithms  are  surveyed, 
and  the  proposed  methodology  for  constructing  new  bounding  algorithms  is 
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introduced.  The  chapter  also  has  an  associated  appendix,  appendix  2. A,  which 
contains  analytic  results  relevant  to  section  three. 

2.1.  The  Class  of  Separable  Queueing  Networks 

2.1.1.  An  Exanople  Modlel 

In  figure  2.1.  the  queueing  network  model  of  figure  1.1  is  parameterized  to 
yield  a  separable  queueing  network.  This  subsection  discusses  this  parameteri¬ 
zation.  and  in  so  doing  introduces  some  of  the  basic  notation  and  terminology 
required  in  this  thesis.  (A  summary  of  all  notation  used  is  presented  in  appen¬ 
dix  A.) 

The  transaction  workload  class  has  been  specified  as  an  open  class.  The 
customers  of  an  open  class  r  arrive  at  rate  from  a  source  external  to  the 
queueing  network.  The  other  classes  are  cZosed  classes;  there  are  a.  fixed 
number,  Ng,  of  customers  of  a  closed  class  s.  The  total  number  of  customers  in 
the  closed  classes  is  denoted  by  N.  The  complete  workload  intensity  of  a  model 
is  given  by  a  pair  (7^,  X),  where  the  vector  gives  the  populations  of  the  closed 
classes,  and  the  vector  X  gives  the  arrival  rates  of  the  open  classes.  The  open 
classes  are  indexed  by  the  set  0.  If  there  is  only  one  closed  class,  c  is  taken  as 
its  index;  in  general,  the  set  C  indexes  the  closed  classes. 

The  queueing  network  service  centers  of  the  example  model  are  of  two 
types.  The  I/O  units  and  the  CPU  are  modelled  by  fixed-rate  service  centers, 
while  the  terminals  are  modelled  by  a  single  delay  service  center.  At  a  fixed- 
rate  service  center,  the  total  rate  of  service  is  constant  regardless  of  the  com¬ 
position  of  the  service  center  queue,  assuming  that  at  least  one  customer  is 
present.  At  a  delay  service  center,  on  the  other  hand,  the  rate  of  service 
afforded  to  each  customer  present  is  constant,  regardless  of  the  queue  compo¬ 
sition,  As  the  number  of  queueing  network  customers  present  increases,  so 
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does  the  total  service  rate.  Separable  queueing  networks  may  also  include 
some  types  of  load -dependent  service  centers,  at  which  both  the  service  rate 
received  by  each  customer  and  the  total  service  rate  vary  with  the  queue  com¬ 
position.  Since  it  is  trivial  to  obtain  the  performance  measures  of  a  queueing 
network  with  only  delay  service  centers,  it  will  be  assumed  that  the  customers 
of  at  least  one  class  require  service  at  a  fixed-rate  or  load-dependent  service 
center.  The  fixed-rate  and  load-dependent  service  centers  will  be  indexed  as 
service  centers  one  through  K\  any  delay  service  centers  may  be  aggregated 
into  a  single  delay  service  center,  indexed  as  service  center  K+l,  without  any 
effect  on  queueing  network  performance  measures. 

Customer  service  requirements  are  specified  through  loadings.  The  ser¬ 
vice  center  k  loading  of  a  class  s  customer  for  some  queue  population  H  is 
defined  here  as  the  product  of  three  factors:  (l)  the  mean  number  of  visits  that 
a  class  s  customer  makes  to  center  k,  (2)  the  inverse  of  the  center  k 
throughput  of  class  s  customers,  conditioned  on  a  queue  population  of  rt,  and 
(3)  the  number  of  class  s  customers  in  the  queue.  For  the  service  center  types 
to  be  considered  here,  however,  not  all  loadings  need  be  explicitly  specified.  At 
an  aggregate  delay  service  center,  the  loading  of  a  class  s  customer  (denoted 
by  Zs)  is  constant  for  all  possible  queue  populations.  At  a  fixed-rate  service 
center  k,  it  is  sufficient  to  specify  the  loading  of  a  class  s  customer  when  no 
other  customers  are  in  the  service  center  queue  (denoted  by  1^).  Finally,  at 
one  common  type  of  load-dependent  service  center,  the  total  service  rate 
depends  only  on  the  total  number  of  customers  present.  For  such  a  service 
center  k,  it  is  sufficient  to  specify  the  loading  of  a  class  s  customer  for  a  total 
queue  population  of  m  (denoted  by  Z^(7n)),  for  all  applicable  m.  For  notational 
convenience,  in  the  remainder  of  this  thesis  it  will  be  assumed  that  the  unit  of 


time  measurement  chosen  for  class  s  is  such  that  the  sum  of  the  class  s  fixed- 
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rate  service  center  loadings  equals  one.  (It  is  a  characteristic  of  separable 
queueing  networks  that  the  performance  measures  of  one  class  are  indepen¬ 
dent  of  the  time  scale  choice  made  for  any  other  class.)  However,  this  time 
scale  choice  is  not  necessary  when  appl5dng  the  algorithms  presented  in  this 
thesis. 

Separable  queueing  networks  require  no  additional  parameters.  The 
development  of  solution  algorithms  for  these  networks  requires  the  use  of  a 
queueing  network  formalism:  such  a  formadism  also  precisely  defines  which 
queueing  networks,  within  the  formalism,  are  separable.  The  operational  and 
stochastic  analysis  formalisms  are  briefly  considered  in  the  next  two  subsec¬ 
tions.  Since  both  of  these  formalisms  result  in  the  same  analytic  expressions 
for  the  solutions  of  separable  queueing  networks,  it  is  essentially  unnecessary 
to  assume  either  one  or  the  other  when  considering  these  networks. 

2.1.2.  Operational  Analysis 

In  operational  analysis,  a  queueing  network  model  is  viewed  as  a  represen¬ 
tation  of  a  system  behavior  sequence  (which  is  itself  an  approximate  represen¬ 
tation  of  the  system  being  modelled).  Most  work  in  operational  analysis  has 
been  in  a  context  of  queueing  networks  with  a  single,  closed  customer  class 
[Denning  &  Buzen  76.  Sevcik  &  Klawe  79],  although  extensions  are  possible.  For 
queueing  networks  with  one  or  more  closed  customer  classes,  properties 
sufficient  to  ensure  separability  are  as  follows: 

(1)  Flow  balance  :  The  number  of  customer  arrivals  at  a  service  center  is  the 

same  as  the  number  of  customer  departures. 

(2)  One -step  behavior  :  No  two  "events"  (customer  service  completions)  occur 

at  precisely  the  same  time. 
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(3)  Routing  homogeneity  :  The  destination  of  a  customer  when  departing  from 
a  service  center  is  independent  of  the  distribution  of  the  rest  of  the  queue¬ 
ing  network  customers. 

(4)  Device  homogeneity:  The  departure  rate  of  class  s  customers  from  a  ser¬ 
vice  center  h  when  a  population  of  H  is  present  at  the  service  center  is 
independent  of  the  distribution  of  the  customers  not  at  the  service  center, 


and  is  given  by 


qkW 


where  is  an  arbitrary  positive  function  and  ig 


denotes  a  population  consisting  of  one  class  s  customer.  (Note  that  when 
there  is  only  one  customer  class,  arbitrary  departure  rates  are  allowed.) 

It  should  be  noted  that  the  concept  of  the  "service  rate"  of  a  service  center 
(as  was  used  in  the  previous  subsection)  is  replaced  in  operational  analysis  by 
the  concept  of  "departure  rate".  In  general,  the  terminology  used  in  this  thesis 
will  be  independent  of  the  underlying  queueing  network  formalism,  although 
occasionally  it  will  be  convenient  to  assume  a  context  of  stochastic  analysis, 
which  will  be  considered  next. 


2.1.3.  Stochastic  Analysis 

In  stochastic  analysis,  a  queueing  network  model  is  viewed  as  a  representa¬ 
tion  of  a  stochastic  process  (which  is  itself  an  approximate  representation  of 
the  system  being  modelled).  There  are  a  number  of  different  approaches  within 
stochastic  analysis  to  the  problem  of  characterizing  separable  queueing  net¬ 
works.  One  approach  is  based  on  giving  examples  of  allowable  queueing  network 
structures  and  service  center  types  (types  being  fixed  by  customer  service 
Lime  demand  distributions,  service  center  scheduling  disciplines  and  service 
rates)  [Baskett  et  al.  75].  Other  approaches  give  general  properties  that  imply 
separability  [Chandy,  Howard  &  Towsley  77,  Kelly  79,  Noetzel  79,  Sauer  &c 
Chandy  81,  Chandy  k  Martin  83]. 
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A  common  element  to  separability  characterizations  is  the  identification  of 
service  center  types  (by  example  or  through  general  properties)  that  ensure 
that  any  queueing  network  appropriately  constructed  using  only  service 
centers  of  these  types  is  separable.  T3q>ically  (but  not  always  [Towsley  60])  a 
queueing  network  construction  is  appropriate  if  customer  routing  among  ser¬ 
vice  centers  is  performed  by  Bernoulli  trial  with  fixed  routing  probabilities,  and 
if,  for  each  open  class,  the  customer  arrival  process  is  Poisson. 

One  approach  to  characterizing  service  center  types  that  ensure  separabil¬ 
ity  is  to  consider  a  service  center  in  isolation,  at  which  customers  arrive  from 
an  external  Poisson  source.  Such  a  system  has  a  state  describable  by  a  Markov 
process.  A  service  center  is  of  the  type  ensuring  separability  if,  in  isolation,  the 
probability  flux  out  of  a  state  due  to  a  customer  of  class  s  eirriving  is  equal  to 
the  probability  flux  into  that  same  state  due  to  a  customer  of  class  s  departing, 
for  all  classes  s  (for  some  choice  of  Markov  process  description)  [Kelly  79]. 

This  condition  is  satisfied  by,  for  example,  processor -sharing  scheduling 
with  general  customer  service  time  demand  distributions,  and  first-come- 
first -served  scheduling  with  exponential  customer  service  time  demand  distri¬ 
butions  that  are  identical  for  all  customer  classes  [Barbour  76,  Kelly  79].  At  a 
processor-sharing  service  center,  the  total  service  rate  is  divided  equally 
among  all  of  the  customers  present.  At  a  first-come-first-served  service  center, 
the  total  service  rate  is  allocated  to  the  customer  at  the  head  of  the  service 
center  queue.  Although  the  mean  service  time  demand  of  a  customer  must  be 
independent  of  the  customer’s  class  at  this  last  type  of  service  center,  the 
mean  number  of  visits  may  be  class  dependent.  This  implies  that  the  loadings 
may  also  be  class  dependent. 
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2.2.  Solution  Algorithms 
2.2.1.  Performance  Measures 

A  solution  algorithm  yields  exact  queueing  network  performance  meas¬ 
ures.  There  are  a  variety  of  performance  measures  appropriate  to  separable 
queueing  networks  that  are  of  interest  to  the  modeller;  these  differ  with  respect 
to  their  importance  and  their  associated  computational  expense.  In  this  thesis, 
performance  measures  are  grouped  into  three  classes. 

The  primaTy  performance  measures  include  the  class  s  system 
throughput  class  s  mean  system  residence  time  and  the 

service  center  A:  utilization  due  to  class  s  customers  In  the 

definition  of  mean  system  residence  time,  the  mean  residence  time  at  an 
aggregate  delay  service  center  (equal  to  Zg)  is  excluded,  as  motivated  by  the 
usual  application  of  delay  service  centers  to  the  modelling  of  terminals. 

The  secondary  performance  measures  include  the  mean  queue  length  of 
class  s  customers  at  service  center  k  {n^{^X^)  and  the  mean  residence  time, 
summed  over  all  of  the  customer  visits,  of  a  class  s  customer  at  service  center 
^  These  performance  measures  are  of  somewhat  less  importance  to 

the  modeller  than  are  the  primary  performance  measures,  and  may  also 
require  additional  computational  expense. 

Finally,  the  tertiary  performance  measures  include  the  service  center 
queue  length  distributions  and  those  performance  measures  (queue  length 
variances,  for  example)  that  can  be  derived  from  these  distributions.  Although 
some  information  is  lost,  for  clarity  class  distinctions  will  not  be  made  here. 
The  quantities  of  interest  for  service  center  k  are  therefore  the  probabilities 
^X)  of  m  customers  enqueued  at  the  service  center,  for  all  appropriate 
m.  Tertiary  performance  measures  are  usually  of  interest  to  the  modeller  only 
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for  special  applications. 

2.2.2.  A  ClaLSsiGcaticn.  of  Solution  Algorithms 

It  is  computationally  trivial  to  obtain  the  performance  measures  of  the 
previous  section  for  a  separable  queueing  network  with  only  open  customer 
classes  (with  constant  arrival  rates).  It  will  therefore  be  assumed  in  the 
remainder  of  this  thesis  that  there  is  at  least  one  closed  customer  class.  For 
these  queueing  networks,  any  open  classes  can  be  algebraically  treated; 
significant  computational  expense  is  incurred  only  in  the  solution  algorithm 
that  must  be  invoked  to  solve  a  queueing  network  consisting  only  of  the  closed 
customer  classes  (a  closed  queueing  network)  [Zahorjan  k  Wong  81], 

All  of  the  practical  solution  algorithms  for  closed  separable  queueing  net¬ 
works  are  based  on  using  the  solutions  for  simpler  networks  to  derive  solutions 
for  more  complex  networks.  In  an  edgorithm  based  on  service  center  recur¬ 
sion,  the  solution  of  a  complex  network  is  derived  from  that  of  a  simpler  net¬ 
work  with  one  fewer  service  center.  The  recursion  basis  is  the  known  solution 
for  a  queueing  network  with  only  one  service  center.  The  other  major  form  of 
recursion  is  customer  recursion,  in  which  the  solution  of  a  complex  network  is 
derived  from  that  of  simpler  networks  with  fewer  customers.  Often,  the  simpler 
networks  consist  of  one  network,  containing  one  fewer  class  s  customer,  for 
each  class  s.  The  recursion  basis  is  the  network  with  no  customers. 

Solution  algorithms  employing  customer  recursion  may  be  further 
classified  as  either  symbolic  or  non -symbolic .  Symbolic  solution  algorithms 
are  based  on  evaluating  the  equations  resulting  from  symbolically  performing 
the  customer  recursion  of  some  other  (non-symbolic)  solution  algorithm.  The 
major  computation  of  a  symbolic  algorithm  produces  only  primary  perfor¬ 
mance  measures.  Additional  computational  effort  can  yield  secondary  or  terti¬ 
ary  performance  measures  for  selected  service  centers;  however,  it  is  not  cost- 
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effective  to  obtain  these  performance  measures  for  all  service  centers. 

Finally,  solution  algorithms  may  be  classified  as  to  whether  or  not  noTinaL- 
ization  coTistants  are  computed.  A  queueing  network  normalization  constant  is 
the  sum  of  the  unnormalized  j>rodiicf  form  queueing  network  state  probabili¬ 
ties  [Baskett  et  al.  75].  Normalization  constants,  for  various  queueing  network 
compositions  and  populations,  can  be  used  to  derive  all  of  the  performance 
measures  of  interest. 

In  table  2.1,  the  following  solution  algorithms  are  classified  using  the  cri¬ 
teria  developed  in  this  section:  the  Algorithm  to  Coalesce  Computation  of  Nor¬ 
malization  Constants  (CCNC)  [Kobayashi  79.  Chandy  &  Sauer  60],  Convolution 
[Buzen  73.  Reiser  &  Kobayashi  75.  Lara  &  Lien  81,83,  Lam  82],  the  Local  Balance 
Algorithm  for  the  Computation  of  Normalization  Constants  (LBANC)  [Chandy  k 
Sauer  60],  Mean  Value  Analysis  (MVA)  [Reiser  &  Lavenberg  80,  Sauer  83],  the 
Normalized  Convolution  Algorithm  (NCA)  [Reiser  81],  and  symbolic  MVA  (to  be 
introduced  in  this  thesis).  The  Convolution,  MVA,  and  symbolic  MVA  algorithms 
will  be  discussed  briefly,  assuming  a  closed  queueing  network  context,  in  the 
following  three  sections. 


Service  Center 
Recursion 

Customer  Recursion 
Svmbolic  1  Non-svmbolic 

No  Normalization  Constants 

NCA 

svmbolic  MVA 

MVA 

Normalization  Constants  i  Convolution 

CCNC 

LBANC 

A  Classiffcation  of  Solution  Algorithms 

Table  2. 1 
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2.2.3.  Convolution 

Convolution  was  the  earliest  efficient  solution  algorithm  to  be  developed. 
It  is  based  on  the  computation  of  normalization  constants  from  which  the  per¬ 
formance  measures  of  interest  can  be  derived.  The  population  level  H  normali¬ 
zation  constant  for  the  queueing  network  consisting  of  service  centers  one 
through  h  will  be  denoted  here  by  G{7t.k),  and  is  computed  using 

G(fi.k)  =  G(7t,A:-l)+ 

re-C 

for  a  fixed-rate  service  center  k , 


fl  ^  V(i) 

iTlSTt  re.C 

for  a  load-dependent  service  center  k  at  which  the  service  rate  is  dependent 
only  on  the  total  number  of  queueing  network  customers  enqueued  (where 
TfL^ft  holds  if  and  only  if  for  all  classes  r,  and  prec^  =  for  I  index- 

t 

ing  the  classes  that  precede  class  r  in  some  arbitrary  ordering  of  the  elem.ents 
of  C).  and 

G(ft.A'+l)=  Y,  GiA-A.lOU^ 

for  an  aggregate  delay  service  center  indexed  as  service  center  K+1.  Convolu¬ 
tion  has  been  classified  here  as  using  service  center  recursion  because  of  the 
usual  order  of  applying  these  equations,  in  which  G(fl.A:-l)  values  for  all  neces¬ 
sary  are  computed  before  any  of  the  G{fl,k)  values. 

Zahorjan  has  performed  a  comprehensive  analysis  of  the  complexity  of 
both  Convolution  and  MV.A.  [Zahorjan  80],  For  our  purposes,  it  is  sufficient  to 
note  that  the  complexity  precludes  the  exact  solution  of  large  queueing  net¬ 
works  (in  particular,  those  with  many  customer  classes)  in  most  cases.  How¬ 
ever.  there  are  exceptions;  "tree"  Convolution  and  MVA  algorithms  have  been 
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developed  that  allow  substantial  computational  savings  for  queueing  networks 
in  which  the  customers  of  each  class  visit  only  a  few  service  centers  [Lam  Sc 
Lien  81,63.  Hoyme  et  al.  82]. 

Convolution  as  described  here  has  a  numerical  stability  problem,  in  that 
some  of  the  intermediate  normalization  constant  values  may  lie  outside  the 
available  floating  point  range  for  any  one  choice  of  loading  time  units  [Chandy 
&  Sauer  80,  Reiser  81].  Lam  has  essentially  solved  this  problem  in  a 
modiflcation  of  the  Convolution  algorithm  in  which  loadings  are  re-scaled  when 
necessary  to  ensure  appropriate  normalization  constant  magnitudes  [Lam  82]. 

2.2.4.  Mean  Value  Analysis 

MVA  has  only  recently  been  extended  to  handle  the  full  range  of  separable 
queueing  networks  [Sauer  63],  Due  to  computational  difficulties  induced  by  the 
presence  of  load- dependent  service  centers,  its  primary  application  is  to  queue¬ 
ing  networks  with  delay  and  fixed-rate  service  centers  only.  It  is  this  context  in 
which  MVA  will  be  described  here,  extensions  will  be  developed  later  as  required. 

The  most  intuitive  derivation  of  MVA  is  based  on  the  Arrival  Instant 
theorem  [Sevcik  &  Mitrani  81,  Lavenberg  &  Reiser  80.  Buzen  &  Denning  80,  Kelly 
79],  which  states  that,  for  separable  queueing  networks,  the  distribution  of  net¬ 
work  states  "seen"  by  a  customer  at  arrival  to  a  service  center  is  the  equili¬ 
brium.  distribution  for  the  network  with  that  customer  removed,  A  consequence 
of  this  result  is  the  following  equation  for  the  class  s  mean  residence  time  at  a 
fixed-rate  service  center  k : 


The  class  s  mean  system  residence  time  is  then  given  by  the  sum  of  the  class  s 
fixed-rate  service  center  mean  residence  times: 
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Ail  other  primary  and  secondeiry  class  s  performance  measures  for  population 
level  N  can  be  derived  using  Little’s  equation  [Little  61]  from  the  smd 

RaiN)  values.  (Tertiary  performance  measures  can  be  obtained  only  by  utiliz¬ 
ing  the  same  computational  procedures  required  to  handle  load  dependence.) 
The  primary  and  secondary  performance  measures  for  a  population  of  can 
therefore  be  derived  from  those  for  all  feasible  populations  •with  one  fewer  cus¬ 
tomer.  This  provides  the  linkage  needed  for  customer  recursion. 


2.2.5.  Symbolic  Mean  Value  Analysis 

Symbolic  MVA  is  based  on  evaluating  the  equations  resulting  from  symboli¬ 
cally  performing  the  MVA  recursion.  The  characteristic  of  the  symbolic  MVA 
algorithm  that  makes  it  of  interest  is  its  partitioning  of  the  computation  into 
two  major  steps.  In  the  first  step,  various  products  of  service  center  loadings 
are  computed.  In  the  second  step,  the  required  performance  measures  are 
computed  using  the  products  of  service  center  loadings  found  in  the  first  step. 
(An  imperfect,  but  perhaps  conceptually  useful  analogy  is  between  computing 
queueing  network  perfomiance  measures  emd  evaluating  a  polynomial  in  a  veiri- 
able  X.  The  queueing  network  loadings  correspond  to  the  variable  x,  MVA 
corresponds  to  Horner’s  rule,  and  symbolic  MVA  corresponds  to  the  ’’direct" 
method  of  polynomial  evaluation.)  The  structure  of  symbolic  MVA  can  be  used 
to  advantage  when  the  algorithm  is  used  as  a  basis  for  a  bounding  algorithm. 

The  derivation  of  symbolic  MVA  starts  from  the  following  expression  for 
n;tr(j^~^s)  (obtained  by  the  use  of  Little’s  equation): 


n 


kr 


/Cl  \  ^ s')  x’  \ 

(-V-^3)  =  T - -—-  —{Nr-^rs) 

4  +  /^Uv-^s) 


Here  (5rs  =  l  if  r=s,  and  0  otherwise.  Substituting  this  expression  into  the  MVA 
mean  residence  time  equation  yields 


rCc4  +  /?-(A'-?s) 


(2-1) 
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or 


i->  /  hj\  —  r  .  ^ics^kri^  r  N 

*"(  )  ■  .?c2r  +  ^(^-».)  ” 


(2-2) 


It  is  useful  to  define  the  expansion  ratio  at  service  center  k  for  population 


ft  by 


£i(«)  = 


{«+?,) 


where  t  denotes  an  arbitrary  closed  class  such  that  ^ct  5^0.  This  definition  is 
unambiguous,  since,  from  equation  2.1,  the  right-hand  side  is  independent  of 
the  choice  of  t.  For  separable  queueing  networks,  the  ratio  of  residence  time  to 
loading  depends  only  on  the  distribution  of  populations  found  at  arrival 
instants,  which  is  determined  by  the  population  ft. 

Symbolically  performing  the  MVA  recursion  leads  naturally  to 
fK(ft,[si,  ■  •  •  .Sp])  quantities,  where  jy(ft.[si,  •  •  ■  ,Sp])  is  defined  by 

k  =  \  g  =  \  7  =  1  1:  =  1  g*l  g^^l 

JK(ft,[si,  •  •  •  ,SpJ)  is  the  weighted  sum  of  the  fixed-rate  service  center  expansion 
ratios  for  a  population  with  p  fewer  customers  than  ft  (  [sj,  •  •  •  ,Sp]  are  the 
class  identities  of  the  missing  customers),  where  the  weights  are  the  products 
of  the  service  center  loadings  of  the  missing  customers.  Note  that,  by 
definition,  PK(y^,[s])  is  identical  to  /^(T^). 

Equation  (2-2)  yields  the  following  equation  defining  ir(ft,[si,  •  ■  ,Sp])  in 
terms  of  W{'ni,[ri,  ■  ■  •  ,r„])  quantities  such  that  has  one  fev,rer  custo- 


?=i 


mer  than  does  ft 


-t 

9^  =  1 


: 


Fi^(ft.[si, 

■  "'4  s 

reC 

.  . 

where  L" 

k  =  \g=\ 

Symbolic 

3  =  1 
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for  all  seC  (starting  from  fK(fl.[si.  •  •  •  .s^])  quantities  such  that 
TV-  t  6rs  =0  for  all  classes  r),  yielding  mean  system  residence  times  for  all 

classes.  Little’s  equation  can  then  be  used  to  derive  the  system  throughput  for 
each  class  and  the  service  center  utilizations  due  to  each  class. 

The  mean  residence  times  (and  therefore  the  mean  queue  lengths)  for  all 
classes  at  each  fixed-rate  service  center  k  of  interest  can  be  computed  using 


J)  =  ( ft E  (^_ 5 6  )  (S.4) 

y  =  l  -  +  .[r])  ^  =  ‘ 


g  =  l 


where  W(k(fl,[si,  •  •  ■  ,Sp])  is  defined  by 


■  •  •  .S,J)  =  (ft/.te,)£i 

y  =  i  g  =  i  g*l  g*i 

The  time  complexity  of  symbolic  \r/A  (in  terms  of  the  number  of  arith¬ 
metic  operations  required)  is  approximately  2A'n(iV^  +  l)  +  1  Cj  J^(A^  +  l)(AV+2) 

reC  reC 

(for  primary  performance  measures  only).  The  first  term  in  this  complexity 
represents  the  computation  of  the  Z  ‘‘  '  ^  quantities,  while  the  second 

represents  the  recursive  computation  of  the  lK(jV,[s])  values  using  these  quan¬ 
tities,  This  time  complexity  should  be  compared  to  that  of  MVA  [Zahorjan  80], 

which  is  approximately  4/^1  C|  fJ(A^-t-l).  (The  relationship  between  the  space 

reC 

complexities  of  the  two  solution  algorithms  is  similar.)  Although  symbolic  MVA 
may  not  be  a  solution  algorithm  of  choice,  it  will  be  seen  that  it  is  often  suit¬ 
able  as  a  basis  for  a  bounding  algorithm. 


2.3.  Approximate  Analysis  Techniques 

The  most  widely  used  of  the  approximate  analysis  techniques  for  closed 
separable  queueing  networks  are  the  approximate  MVA  algorithms  [^Bard  79, 
Schweitzer  79,  Reiser  &  Lavenberg  00,  Zahorjan  80,  Neuse  &  Chandy  01,  Chandy 
&  Neuse  02,  Chow  03].  One  of  the  most  popular  of  these  is  termed  here  the 
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approximaie  MVA  with  Proportional  Estimation  {aMVA/PE)  algorithm  (as 
motivated  by  the  fact  that  it  is  traditionally  viewed  as  being  based  on  a  propor¬ 
tionality  assumption).  Proposed  by  Schweitzer  [Schweitzer  79],  this  algorithm 
is  an  enhancement  of  an  asymptotic  algorithm  developed  earlier  by  Bard  [Bard 
78,  79]  and  Pittel  [Pittel  76].  Bard  has  since  used  the  algorithm  extensively 
[Bard  60.  81], 

# 

As  it  will  be  viewed  here,  the  aM\7\./PE  algorithm  is  based  on  the  assump¬ 
tion  that  the  mean  service  center  and  system  residence  times  with  one  fewer 
customer  are  the  same  as  those  with  the  original  population  level.  Using  the 
form  of  the  MVA  mean  residence  time  equation  given  by  equation  (2-1),  this 
yields,  for  each  class  s, 

r£cZr  +  Rr{N) 

Typically,  the  computation  proceeds  by  making  some  set  of  initial  guesses  for 
the  values,  and  then  iterating  until  convergence  is  obtained. 

One  disadvantage  of  the  approximate  MVA  algorithms  is  that  they  do  not 
provide  bounds  on  induced  errors.  For  some  of  the  more  computationally 
expensive  approximate  MVA  algorithms,  such  as  Linearizer  [Chandy  &  Neuse 
82],  large  errors  have  never  been  observed.  It  is  unknown  if  this  is  because 
large  errors  eure  not  possible,  or  because  exact  solutions  (and  therefore  the 
errors  in  approximate  solutions)  can  t3q>ically  be  calculated  only  for  queueing 
networks  with  a  small  number  of  classes. 

For  other  approximate  MVA  algorithms,  such  as  the  aMVA/PE  algorithm, 
there  are  known  examples  in  which  the  error  produced  is  very  large.  Figure  2.2 
shows  a  queueing  network  for  which  the  aMVA/PE  algorithm  induces  unaccept¬ 
able  errors.  In  appendix  2. A,  it  is  proved  that,  for  Ng=l,  e^O  and  the 

relative  error  in  the  mean  system  residence  time  of  class  B  tends  to  100  per- 
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cent,  while  that  in  the  system  throughput  of  class  B  tends  to  50  percent.  These 
errors  are  unacceptable  since  they  far  exceed  the  expected  error  in  the  perfor¬ 
mance  predictions  of  a  validated  queueing  network  model;  5  to  10  percent  for 
throughputs  and  25  to  50  percent  for  residence  times  [Lazowska  et  al.  84].  In 
table  2.2,  the  percent  relative  errors  are  shown  for  £  =  .l  and  various  values  of 
Na- 

An  approximate  analysis  technique  that  is  similar  in  philosophy  to  the 
bounding  algorithms  that  will  be  proposed  in  this  thesis  was  concurrently 
developed  by  Thomasian  and  Nadji  for  queueing  networks  with  a  single  closed 
class  [Thomasian  k  Nadji  Bl].  The  algorithm  offers  a  hierarchy  of  successively 
more  accurate  approximations,  with  the  exact  solution  as  its  limit. 

2.4.  Rounding  Algorithms 

2.4.1.  Previous  Work 

Asymptotic  Bound  Analysis  {ABA)  [Muntz  k  Wong  74.  Kleinrock  76,  Denning 
k  Buzen  76]  is  the  most  general  of  the  bounding  algorithms  currently  available, 
and  can  be  applied  to  some  types  of  non-separable  queueing  networks  as  well  as 
to  separable  queueing  networks.  Recall  that  the  unit  of  time  measurement 
chosen  here  is  such  that  the  sum  of  the  fixed-rate  service  center  loadings 
equals  one.  Then  for  queueing  networks  with  a  single  closed  customer  class 
and  only  fixed-rate  and  delay  service  centers,  the  ABA  bounds  on  mean  system 
residence  time  are  given  by 

max[NL^  -Z,  1  ]  <  R{N)  <  N 

where  6  denotes  the  index  of  a  bottleneck  service  center  (a  fixed-rate  service 
center  with  a  loading  greater  than  or  equal  to  that  of  all  other  fixed-rate  ser¬ 
vice  centers).  Bounds  on  other  primary  performance  measures  can  be  derived 
with  the  use  of  Little’s  equation. 
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Na 
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28.8 

40 
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Errors  in  an  Application  of  the  aMVAyPE  Algorithm 

Table  2.2 
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ABA  bounds  are  quite  loose  due  to  the  extreme  assumptions  made  in  deriv¬ 
ing  them.  For  example,  the  optimistic  bound  on  mean  system  residence  time 
(the  lower  bound)  is  derived  by  assuming  that  either  the  bottleneck  service 
center  is  saturated,  or  no  queueing  is  taking  place.  However,  ABA  bounds  have 
proved  useful  in  actual  modelling  studies  [Sevcik.  Graham  &  Zahorjan  80]. 

The  Balanced  Job  Bound  [BJB)  algorithm  [Zahorjan  et  al.  82]  is  less  gen¬ 
eral  than  ABA,  since  it  is  applicable  only  to  separable  queueing  networks,  but  it 
provides  tighter  bounds.  The  algorithm  was  originally  developed  for  closed 
separable  queueing  networks  consisting  only  of  fixed-rate  service  centers.  For 
these  networks,  the  solution  for  class  s  performance  measures  has  a  very  sim¬ 
ple  form  if  class  s  customers  have  the  same  loading  at  all  service  centers.  For 
single  class  queueing  networks,  setting  this  loading  to  the  average  or  the  max¬ 
imum  of  the  actual  loadings,  while  preserving  the  total  loading  by  adding  or 
removing  service  centers,  yields  optimistic  or  pessimistic  bounds  on  primary 
performance  measures.  (Conceptually,  "fractional"  service  centers  may  be 
needed  when  preserving  the  total  loading;  this  does  not  affect  the  validity  of  the 
algorithm.)  For  multiple  class  queueing  networks,  the  minimum  rather  than 
the  average  loading  of  each  class  must  be  used  when  deriving  optimistic 
bounds;  pessimistic  bounds  can  be  derived  as  for  single  class  queueing  net¬ 
works. 

Kriz  has  extended  the  BJB  algorithm  to  treat  queueing  networks  with  delay 
service  centers,  and  has  also  proposed  an  additional  bound  that  is  often  tighter 
than  one  of  the  BJB  bounds  [Kriz  82]. 

AB.A  and  the  BJB  algorithm  consider  only  the  primeiry  performance  meas¬ 
ures.  Graham  has  developed  bounds  for  secondary  performance  measures  as 
well,  in  part  with  the  use  of  ABA  and  BJB  bounds  [Graham  81]. 

The  bounding  algorithms  that  have  been  described  above  have  the 
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disadvantage  of  providing  only  a  limited  tradeoff  between  accuracy  and  compu¬ 
tational  effort,  and  are  usually  unsuitable  if  the  modeller  requires  high  accu¬ 
racy,  (On  the  other  hand,  they  are  ideal  if  the  modeller  wishes  to  make  only  a 
minimal  computational  investment.)  The  remaining  three  bounding  algorithms 
that  will  be  surveyed  here  provide  a  significant  tradeoff,  but  have  major  disad¬ 
vantages. 

# 

Dowdy,  Perez-Davila  and  Stephens  have  developed  an  algorithm  based  on 
curve  fitting  that  is  applicable  to  separable  queueing  networks  with  a  single 
closed  class,  and  that  is  conjectured  to  produce  bounds  on  primary  perfor¬ 
mance  measures  [Dowdy,  Perez-Davila'"&:  Stephens  83].  The  algorithm  proceeds 
by  calculating  queueing  network  performance  measures  for  population  levels  1 
to  71  (for  some  choice  of  n),  and  then  extrapolating  to  obtain  bounds  on  the  per¬ 
formance  measures  for  the  population  level  of  interest.  The  major  disadvan¬ 
tage  of  the  algorithm  is  that  it  appears  to  yield  looser  bounds  than  alternative 
techniques  for  large  customer  populations.  This  is  illustrated  in  figure  2.3, 
which  shows  system  throughput  bounds  yielded  by  the  Performance  Bound 
Hierarchy  algorithm  (to  be  introduced  in  chapter  three),  and  by  the  algorithm 
of  Dowdy  et  al.,  for  the  queueing  network  used  as  an  example  by  Dowdy  et  al. 
[Dowdy,  Perez-Davila  &  Stephens  83],  The  example  queueing  network  has  50 
fixed-rate  service  centers  with  loadings  as  follows:  1  center  with  loading  20/417, 
2  with  19/417,  5  with  18/417,  5  with  15/417,  5  vnth  10/417,  8  with  7/417,  8  with 
5/417,  8  with  4/417,  and  8  with  2/417.  The  bounds  shown  for  the  two  algo¬ 
rithms  have  similar  computational  costs. 

Suri  has  developed  a  bounding  algorithm  applicable  to  separable  queueing 
networks  with  a  single  closed  customer  class  and  only  fixed-rate  service  centers 
[Suri  83],  The  algorithm  is  quite  similar  in  form  to  the  symbolic  formulation  of 
the  single  closed  class  Performance  Bound  Hierarchy  algorithm,  but  has  a 
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number  of  disadvantages  with  respect  to  this  algorithm.  Most  importantly,  for 
a  given  computational  cost  the  bounds  computed  are  significantly  looser.  This 
is  illustrated  in  figure  2.4,  which  shows  system  throughput  bounds  yielded  by 
the  Performance  Bound  Hierarchy  algorithm,  and  by  the  algorithm  of  Suri,  for 
the  queueing  network  used  as  an  example  by  Suri  [Suri  83].  The  example 
queueing  network  has  49  fixed-rate  service  centers  with  normalized  loadings  as 
follows:  1  center  "vvith  loading  21/343,  10  with  20/343,  4  with  10/343,  4  with 
5/343,  3  with  4/343,  11  with  3/343,  1  with  2/343,  and  15  with  1/343.  The 
bounds  shown  for  the  two  algorithms  have  similar  computational  costs. 

The  PANACEA  bounding  algorithm  [McKenna  &  Mitra  81,  McKenna,  Mitra  &: 
Ramakrishnan  81,  Ramakrishnan  &  Mitra  82a,  82b],  developed  at  Bell  Labs  and 
used  in  the  analysis  of  communication  networks,  is  applicable  to  closed  separ¬ 
able  queueing  networks  with  fixed-rate  and  delay  service  centers.  The  algo¬ 
rithm  is  based  on  the  computation  of  terms  in  an  asymptotic  expansion  of  the 
multiple  integrals  with  which  normalization  constants  can  be  expressed.  Two  of 
the  many  restrictions  imposed  by  the  algorithm  are  that  all  classes  must  visit  a 

delay  service  center,  and  that  must  be  on  the  order  of  for  all  fixed-rate 

service  centers  k  and  classes  s.  PANACEA  will  be  considered  in  more  detail  in 
chapter  seven. 

2.4.2.  The  Proposed  Methodology 

The  current  work  is  motivated  by  the  need  for  generally  applicable  bound¬ 
ing  algorithms  that  provide  tradeoffs  between  accuracy  and  computational  cost. 
It  is  proposed  that  a  bounding  algorithm  be  created  by  utilizing  the  recursive 
structure  of  a  solution  algorithm.  Computational  cost  is  reduced  by  utilizing  a 
recursion  basis  that  consists  of  one  or  more  queueing  networks  that  are  more 
complex  than  the  solution  algorithm  recursion  basis  networks  (which  are 
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trivial  in  the  sense  of  having  either  no  customers  or  only  a  single  service 
center). 

Since  these  new  recursion  basis  queueing  networks  are  more  complex, 
their  performance  measures  are  not  knovm  a  priori  and  must  therefore  be 
estimated.  By  choosing  appropriate  estimates  (termed  here  the  initial  esti¬ 
mates),  one  attempts  to  ensure  that  the  computation  will  yield  optimistic  or 
pessimistic  bounds.  This  is  feasible  if  the  optimistic  or  pessimistic  character  of 
the  initial  estimates  is  preserved  by  the  recursion  equations  used  by  the  solu¬ 
tion  algorithm.  It  may  not  be  possible  to  find  such  estimates  without  modifying 
these  equations. 

There  is  a  natural  hierarchy  of  bounds  associated  with  a  bounding  algo¬ 
rithm  created  using  this  methodology.  The  position  of  a  bound  in  the  hierarchy 
is  determined  by  the  complexity  of  the  recursion  basis  queueing  networks  that 
are  used  in  deriving  it.  Level  0  bounds  are  derived  by  choosing  as  the  recursion 
basis  queueing  network  the  network  for  which  performance  m^easure  bounds  are 
required;  these  bounds  correspond  to  those  used  in  forming  the  initial  esti¬ 
mates.  In  general,  level  i  bounds  are  derived  by.  depending  on  the  solution 
algorithm,  either  choosing  as  the  recursion  basts  a  queueing  network  with  i 
fewer  service  centers,  or  by  choosing  as  the  recursion  basis  all  networks  with  i 
fewer  customers. 

In  the  next  two  chapters,  the  Pei'form.anc.e  Bound  Hierarchy  (PBH)  algo¬ 
rithm  will  be  developed  by  applying  the  methodology  presented  in  this  section 
to  the  MVA  and  sjnnbolic  MV.A  solution  algorithms.  Chapter  three  considers  the 
PBH  algorithm  for  queueing  netv/orks  with  one  closed  class  and  possibly  some 
number  of  open  classes,  and  consisting  of  fixed-rate  and  delay  service  centers 
only  Chapter  four  extends  the  algorithm  to  treat  queueing  networks  with  mul¬ 
tiple  closed  classes  and  optionally  some  number  of  load-dependent  service 
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centers.  (Single  closed  class  queueing  networks  that  contain  load-dependent 
service  centers  can  be  treated  by  specializing  the  multiple  closed  class  algo¬ 
rithm.) 
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APPENDDC  2.A 


This  appendix  considers  the  application  of  the  aMVA/PE  algorithm  to  the 
queueing  network  in  figure  2.2.  It  is  proved  that,  for  Ng  =  l,  £-*0  and  the 

relative  error  in  the  mean  system  residence  time  of  class  B  tends  to  100  per¬ 
cent,  while  that  for  the  system  throughput  of  class  B  tends  to  50  percent. 

From  the  MVA  mean  residence  time  equation,  and  since  Nb=1, 

RgiN)  =  •.+n„(^-8s)  {2.A-1) 

Since  =  C-iA.  for  .V,-- 

=  7 

1-7-^ 
l  +  £ 

Substitution  in  equation  (2.A-1)  yields 

=  (2.A-2) 


Superscripting  quantities  yielded  by  the  aMVA/PE  algorithm  by  aMVA.  applica¬ 
tions  of  Little’s  equation  yield 


(N) 


and 


n 


a.'/VA/ 
2A 


(-^)  = 


RA^'\f*) 


From  the  algorithm  definition  and  the  previous  two  equations, 

(2.A-3) 

and 

Since  these  last  two  equations  are  asymptotically  exact  as  Na-*°°, 

Also,  since  Lza  =  as  There- 

2+e  l+£ 

fore,  as 

=  =  >  n„(.A!)  - 

=  =  >  nM(;5)  ^  2. 

£ 
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which  yields 

-  7 

Using  this  last  relationship  to  substitute  into  equation  (2.A-3)  produces 

=  l+f- 

The  relative  error  in  the  mean  system  residence  time  of  class  B  is  there- 


fore  given  by 

(i+f-)-(i+f) 

- - - ^ - —  100%  = 

i+  — 

=  100% 
l+£ 

s 

This  quantity  tends  to  100  percent  as  e-+0.  The  relative  error  in  the  system 
throughput  of  class  B  is  given  by 

1  1 


1+—  1+  — 

- ^  100%  = 

1+- 

:  100% 

2+£ 

£ 

This  quantity  tends  to  50  percent  as  £-»0. 
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CHAPTER3 

THE  SINGLE  CLOSED  CLASS 
PERFORMANCE  BOUND  HIERARCHY  ALGORITHM* 


The  computational  expense  of  an  exact  solution  of  a  separable  queueing 
network  can  be  prohibitive  only  when  the  network  has  multiple  closed  customer 
classes.  However,  there  are  still  two  major  motivations  for  considering  bound¬ 
ing  algorithms  for  queueing  networks  with  only  a  single  closed  class.  First  of 
ail.  in  optimization  studies  (such  as  that  of  Bryant  and  Agre  [Bryant  &  Agre 
81]).  or  when  utilizing  approximate  solution  techniques  (such  as  that  of  Zahor- 
jan.  Lazowska  and  Garner  [Zahorjan.  Lazowska  &c  Garner  83]).  it  may  be  neces¬ 
sary  to  analyze  a  large  number  of  networks,  magnifying  the  effect  of  any  com¬ 
putational  savings.  Secondly,  bounding  algorithms  for  queueing  networks  with 
a  single  closed  class  are  of  theoretical  interest.  In  particular,  they  provide 
insight  that  can  often  be  applied  to  the  multiple  closed  class  context. 

This  chapter  develops  the  Performance  Bound  Hierarchy  (PBH)  bounding 
algorithm  for  queueing  networks  with  a  single  closed  customer  class  and  possi¬ 
bly  some  number  of  open  classes,  and  consisting  of  fixed-rate  and  delay  service 
centers  only.  The  basic  PBH  algorithm,  for  queueing  networks  with  no  open 
classes,  is  presented  in  section  one.  An  algorithm  modification  that  guarantees 
nesting  of  the  bounds  yielded  by  the  algorithm  is  presented  in  section  two.  Sec¬ 
tion  three  presents  the  symbolic  formulation  of  the  algorithm  that  results 
when  symbolic  MVA.  rather  than  MVA.  is  used  to  provide  the  algorithm 


*  Portions  of  the  material  presented  in  this  chapter  appear  in  the  paper  "Performance 
Pound  Hierarchies  for  Queueing  Networks"  [Sager  k  Sevcik  83a]. 
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structure.  In  section  four,  the  computational  cost  of  the  PBH  algorithm  is 
determined  for  both  the  symbolic  and  the  non-symbolic  formulations.  The 
accuracy  of  the  algorithm  is  treated  in  section  five.  Finally,  in  section  six  the 
PBH  algorithm  is  extended  to  allow  for  any  number  of  open  customer  classes. 
The  chapter  also  has  two  associated  appendices.  The  lemmas  that  are  required 
in  the  body  of  the  chapter  are  proved  in  appendix  3. A.  while  appendix  3.B  con¬ 
tains  derivations  of  analytic  results  relevant  to  section  five. 

3.1.  The  Basic  Algorithm 


3.1.1.  Algorithm  Structure 

The  non-symbolic  formulation  of  the  PBH  algorithm  is  derived  by  applying 
the  methodology  introduced  in  the  last  chapter  to  the  MVA  solution  algorithm. 
For  queueing  networks  of  the  type  being  considered,  the  MVA  mean  residence 
time  equation  for  service  center  A:  becomes 


From  Little's  equation. 


(3-1) 


where,  by  definition. 


fc  =  l 


(3-2) 


(3-3) 


Level  i  PBH  bounds  for  population  level  N,  i^N,  are  computed  by  choosing 
appropriate  estimates  of  the  performance  measures  with  N-i  customers,  and 
then  applying  the  MVA  equations  until  population  level  N  is  attained.  If  i=N, 
the  computation  is  identical  to  that  of  MVA.  For  i<N,  the  computational  cost  is 
reduced,  but  approximate  rather  than  exact  performance  measures  are  pro¬ 
duced.  Superscripting  performance  measure  estimates  resulting  from  i  appli¬ 
cations  of  the  MVA  equations  by  (i),  the  PBH  algorithm  applies  equations  (3-1) 


to  (3-3)  to  yield,  for  i>l, 
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Ri'HN)  = 


(3-4) 


(3-5) 


and 


R<-»{N)  =  t  RiHN) 


(3-6) 


Optimistic  bounds  on  the  primary  performance  measures  require  "optimis¬ 
tic"  (under  a  suitable  definition)  initial  estimates  for  the  population  level  N-i 
performance  measures  (in  particular,  the  fixed-rate  service  center  mean  queue 
lengths),  while  pessimistic  bounds  require  "pessimistic"  initial  estimates. 
Therefore,  to  obtain  both  upper  and  lower  bounds  on  primary  performance 
measures,  two  separate  recursive  computations  must  be  performed,  an 
optimistic  computation  (in  which  the  optimistic  initial  estimates  are  utilized) 
and  a  pessimistic  computation  (in  which  the  pessimistic  initial  estimates  are 
utilized).  As  will  be  seen,  both  computations  are  needed  to  produce  upper 
and/or  lower  bounds  on  secondary  performance  measures.  Quantities  pro¬ 
duced  during  an  optimistic  or  pessimistic  computation  will  be  subscripted  by 
opt  or  pess ,  respectively.  The  problem  of  using  the  computed  bounds  to  obtain 
suitable  point  estimates  will  be  deferred  until  section  3.5. 

3.1.2.  The  Initial  Estimates 

This  subsection  presents  one  choice  of  appropriate  optimistic  and  pes¬ 
simistic  initial  performance  measure  estimates.  In  an  actual  algorithm  imple¬ 
mentation.  however,  it  is  more  computationally  efficient  to  compute  initial 
estimates  from  expressions  for  the  performance  measures  of  level  one  (those 
resulting  from  an  application  of  the  MVA  equations  to  the  initial  estimates  given 
here).  This  point  will  be  discussed  further  when  the  computational  cost  of  the 
algorithm  is  considered  in  section  3.4. 


-  37- 


The  chosen  optimistic  initial  performance  measure  estimates  (stated  for 
population  level  N)  use  the  optimistic  ABA  bound  on  mean  system  residence 
time  denoted  here  by  a  {N): 

=  rnax[NL(,-Z,l] 

An  optimistic  allocation  of  Bjp}{N)  across  the  fixed-rate  service  centers  is  given 
by 

=  J  <N)  l^k<K 

This  allocation  is  optimistic  since  it  predicts  more  balanced  mean  service 
center  residence  times  than  actually  occur.  Finally,  Little's  equation  yields 


/V 

K  Z+a(7V) 


l^k^K 


(3-7) 


The  chosen  pessimistic  initial  estimates  use  a  pessimistic  bound  on  mean 


system  residence  time  denoted  by  b  {N)\ 


The  bound  b  {N)  is  the  positive  root  of  the  equation 

and  can  be  viewed  as  an  extension  to  queueing  networks  with  delay  service 
centers  of  a  pessimistic  Balanced  Job  Bound  algorithm  bound  [Kriz  82].  A  proof 
that  b{N)  is  pessimistic  is  given  in  lemma  3.1  in  appendix  3. A. 

A  pessimistic  allocation  of  R^%{N)  across  the  fixed-rate  service  centers  is 
given  by 


[O  for  A: 5^6,: 


,l<A:<Ar 

This  allocation  is  pessimistic  since  it  predicts  more  skewed  mean  service 


center  residence  times  than  actually  occur.  (It  is  assumed,  for  clarity,  that 
there  is  only  one  bottleneck  service  center;  the  algorithm  can  be  improved  by 
utilizing  information  about  multiple  bottleneck  service  centers,  but  this  will 


not  be  done  here  )  Little's  equation  then  yields 


MAT) 


N  for  k  =b 


for  k  jtb  ,  l^k^K 


(3-8) 


Tighter  bounds  could  be  used  in  place  of  a{N)  and  b{N)  in  forming  the  ini¬ 
tial  performance  measure  estimates.  However,  a  (TV)  and  b  (TV)  appear  to  be  the 
most  ainalytically  and  computationedly  simple  bounds  that  are  exact  (asymptot¬ 
ically)  for  queueing  networks  with  no  queueing  (TV=1  and/or  very  large  Z),  and 
for  queueing  networks  that  are  saturated  (the  utilization  of  the  bottleneck  ser¬ 
vice  center  approaches  one).  In  chapter  five,  algorithms  for  computing  much 
more  accurate  (but  eilso  more  costly)  initial  performance  measure  estimates 
will  be  developed. 

3.1.3.  Majorization 

The  initial  estimates  of  the  previous  subsection  were  chosen  to  ensure  that 
their  optimistic  or  pessimistic  character  is  preserved  by  the  MYA  equations,  in 
the  sense  that  applying  these  equations  i  times,  for  any  i,  results  in  another 
set  of  estimates  (for  a  population  with  i  additional  customers)  with  the  same 
optimistic  or  pessimistic  character.  A  formal  definition  of  what  is  meant  here 
by  "optimistic"  and  "pessimistic"  initial  estimates  requires  the  concept  of 
queue  length  majorization .  As  it  will  be  used  here,  this  concept  is  similar  to, 
but  more  restrictive  than,  weak  majorization  as  developed  by  Marshall  and 
Olkin  [Marshall  &  01km  79].  Consider  vectors  of  mean  queue  length  values 
(ny  (N),  ■  ■  ■  ,'n}^{N))  and  {n\{N).  ■  ■  ■  .n^N)),  where  the  fixed-rate  service 
centers  are  indexed  so  that  L^'>Lic^x  for  The  weak  majorization  of 

.Marshall  and  Olkin  holds  if  ^  (A^)  for  With  majorization 


as  It  will  be  used  here,  (n"  {N),  ■  ■  •  .n]j^'{N))  is  said  to  be  majorized  by,  or 
optimistic  with  respect  to,  {n'({N).  ■  ■  •  ,n]^N))  if 
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t  <w 

n f  ( N)  >  7i/(7V)  -  1<;  <  /T 

t 

fc=i 

and 

tn^{N)>- 

k=\  k=l 

(Only  mean  queue  lengths  n^{N)  such  that  nX{N)>Q  and  nj^{N)^nj^^.l{N)^Q  for 
l^k^K—1  will  be  considered;  one  implication  of  this  restriction  is  that  division 

by  ^  Tifc (.'V)  is  always  well-defined.  Also,  each  of  the  values  will 

k  =  l 

be  restricted  to  be  greater  than  -1;  this  ensures  that  no  difficulties  arise  when 
appl3dng  the  MVA  equations.) 

Intuitively,  the  nk'{N)  mean  queue  lengths  are  optimistic  with  respect  to 
the  n^iN)  values  since  they:  (l)  predict  less  congestion,  in  total,  at  the  fixed- 
rate  service  centers,  and  (2)  predict  relatively  less  congestion  at  the  heavily 
loaded  fixed-rate  service  centers  and  relatively  greater  congestion  at  the 
lightly  loaded  fixed-rate  service  centers.  This  second  point  can  be  verified  most 

easily  when  In  this  case,  in  each  subsystem  consisting  of  service 

jt=i 

centers  one  through  j  the  optimistic  mean  queue  lengths  allocate  a 

greater  proportion  of  the  total  subsystem  mean  queue  length  to  the  service 
center  with  the  smallest  loading.  (As  can  be  seen  by  dividing  both  sides  of  the 

first  majorization  relation  by  i  n£'{N).) 

k  =  l 

One  type  of  queue  length  majorization  is  particularly  strong,  and  is  termed 
here  bottleneck  majorization.  A  vector  of  mean  queue  length  values 
■  ■  ■  ,n^{N))  is  bottleneck  majorized  by  another  vector 
(nY(W).  •  ■  ■  .nKW))  if 


ni\N)  <  n{'(W) 
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n^-{N)^n^{N)  k^b 

and 

f  nfW 

ie=l  fc  =  l 

Note  that  bottleneck  majorization  implies  majorization,  but  that  the  reverse 
implication  does  not  hold 

Proofs  that  queue  length  majorization  cind  bottleneck  majorization  are 
preserved  by  the  VYk  equations  are  given  in  lemmas  3.3  and  3.4  In  appendix  3.  A.. 
These  lemmas  show  that  if  some  vector  of  mean  queue  length  values  is  major¬ 
ized  or  bottleneck  majorized  by  some  other  vector,  then  applying  the  MVA  equa¬ 
tions  i  times  to  both  vectors  yields  mean  queue  length  vectors  (for  a  population 
with  i  additional  customers)  for  which  the  same  relationship  holds. 

The  following  theorem  uses  the  preservation  of  majorization  to  establish  a 
relationship  between  the  mean  queue  lengths  computed  during  the  optimistic 
computation  of  the  PBH  algorithm,  and  the  exact  mecin  queue  lengths. 


Theorem  3.1: 

is  majorized  by  (ni(Ai),  •  •  •  .rij^iN))  for 

.V>1. 


Proof; 


The  theorem  trivially  holds  for  i=N.  Consider  i<N.  From  lemma  3.3,  it 
need  only  be  shown  that  (Ai-i).  ■  •  •  .njP}pt{N-i))  is  majorized  by 

(Tii(A'-i).  •  •  •  ^rndN-i)). 

Since  R{N-i)  ^  a(yV-i), 


Z+/?(A/-i)^  Z+a{N-i)^^  ^ 

which  yields,  from  equation  (3-7)  and  Little's  equation. 


t,  n*  {N-i)  >  ^  {N^) 

k  =  l  k  =  \ 
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Also,  for 


it=i 


^  i,n^(N-i) 

1-  =1 


Since  7ii(7V-'i)^2(^“^)—  ’  ‘  '  ^nj({N^)  due  to  the  assumed  indexing  of  the 
fixed-rate  service  centers  (as  can  easily  be  established  using  the  MVA  equations 
by  induction  on  the  population  level  [Au  81]),  this  last  relation  holds.  From  the 
defimtion  of  majorization,  this  establishes  the  theorem.  ■ 

In  theorem  3.2,  the  preservation  of  bottleneck  majorization  is  used  to 
establish  a  relationship  between  level  i  and  level  i  +  1  mean  queue  lengths  com¬ 
puted  during  the  pessimistic  computation  of  the  PBH  algorithm. 

Theorem  3.2: 

(7i[pVss(A^).  •  ■  •  <'riJ^peJs{N))  is  bottleneck  majorized  by 
■  ■  •  ,njc%ss{N))  for  N-l>i>Q. 

Proof: 

from  lemma  3.4,  it  need  only  be  shown  that  ’  '  '  .^i:pess(-^~^)) 

is  bottleneck  majorized  by  '  ’  ’  .'^K^pessU^~^))- 

From  equations  (3-4)  to  (3-6),  and  equation  (3-8), 


(N-i)  ky^b 


(3-9) 


and 
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Since  6(Ar-i)a 


(as 


follows 


from 


6(./V-a)  =  l-H  andb(iV-i)^6(yV-i-l)). 

Z+o  (TV— i; 

=  b  (^~^) — (jV— i) 


fc  =  i 


1  +  — — ''V-i-‘'U.h  i' 


-kUhi — l) — (N-i  ■)/* 

Z+b(TV-i-l)' 


Jfc=l 


and 


n(o)  ^  — iN-i) 

2-^b{N^y  ’ 


zMyyyiN-i-i)) 


(TV-i)  =  ntfy,«(TV-i) 


Finally,  from  equation  (3-9)  and  the  fact  that  T^jt%«ss{^~y  -  0. 
"f^^^passiN ^  7ij( pess(^“^)  for  k  T^b .  From  the  definition  of  bottleneck  majoriza- 
tion,  this  establishes  the  theorem.  • 


Since  bottleneck  majorization  is  transitive,  and  (//)  is  exact  for  all  k, 

theorem  3.2  implies  that  {n^{N),  ■  ■  ■  ,7i.^(A'))  is  bottleneck  majorized  by 
(’T-i p«s(-^)-  ■  ■  ■  •^i'pgss(-^)).  TV>i>0,  N^\.  Note  that  theorem  3.2  is  stronger  than 
theorem  3.1,  since  in  addition  to  establishing  a  majorization  result  between 
level  i  performance  measures  of  the  PBH  algorithm  and  the  exact  performance 
measures,  theorem  3.2  implies  a  nesting  in  the  PBH  bound  hierarchy.  As  i 
increases,  the  level  i  pessimistic  mean  queue  length  allocation  monotonically 
becomes  less  and  less  pessimistic.  In  section  3.2,  a  modification  of  the  PBH 
algorithm  that  yields  the  same  nesting  property  for  the  optimistic  mean  queue 
length  allocation  will  be  proposed. 

In  the  next  subsection,  theorems  3.1  and  3.2  will  be  used  to  establish  rela¬ 
tionships  between  the  exact  primary  and  secondary  performance  measures  and 
the  approximate  performance  measures  yielded  during  the  optimistic  and 
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pessimistic  computations  of  the  PBH  algorithm. 


3.1.4.  The  Bounds  Phroduced 

Theorem  3.3  summarizes  the  primary  and  secondary  performance  meas¬ 
ure  bounds  that  can  be  derived  from  the  PBH  algorithm.  Note  that  is 

usually  defined  as  rLx+i{N)-,  it  is  therefore  omitted  from  the  primary  perfor¬ 
mance  measures.  Also,  the  bounds  involving  only  quantities  from  the  pessimis¬ 
tic  computation  are  nested,  in  that  they  monotonically  approach  the  exact 
values  as  the  bound  level  increases.  In  the  theorem,  denotes  the  number  of 
service  centers  with  loading  greater  than  or  equal  to  Z*  ( l^jf  :  j). 

Note  that  since  at  least  service  center  k  satisfies  this  condition.  The  sub¬ 
scripts  UB  and  LB  denote  upper  and  lower  bounds,  respectively,  as  obtained 
from  the  PBH  algorithm  as  detaiied  in  the  theorem  (for  example, 
=  Tru2x[R^^{N)  ,  a(iV)]). 

Theorem  3.3: 

For  A^>i>0,  N>1, 


[F*rimary  Performance  Measures] 

^  R{N)  >  maj:[Rj^}{N)  ,  a(A^)] 

xmm,  a  Ut[N)  a  Ui%„{N)  l&k&K 
[Secondary  Performance  Measures] 

min[  a  nj  {N)  a  (N) 

^"[r-TTm-DFr  ■  Ri%,iN) 

I- '-'ll 

XmN)Z  >  rifr.m  ^  pe.siN) 

4k-l 


(3-10) 

(3-11) 

(3-12) 


(3-13) 

(3-14) 

(3-15) 
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^  7ijt (iV)  S:  ( A^)  k^b,\<k < A' 


(3-16) 


&  Afc {N)  ^  R^%sA^)  k^b,\^kicK 


(3-17) 


Proof: 


The  bound  of  a.{N)  in  relation  (3-10)  follows  from  the  correctness  of  .4BA. 
(This  bound  is  needed  here  since  the  optimistic  computation  lacks  the  nesting 
property  of  the  pessimistic  computation.)  The  bounds  on  secondary  perfor¬ 
mance  measures  derived  from  U^''\’q{N)  {\-^k^K)  follow  from  Little’s  equation 
and  the  fact  that 


R^{N)  =  U{\^n^{N -D)  ^  L^{\^n^{N)) 


(Graham  noted  previously  that  this  relation  can  be  used  to  construct  mean 
queue  length  bounds  [Graham  81].) 

In  the  remainder  of  the  proof,  each  relation  will  be  considered  individually, 
Ignoring  the  cl{N)  and  U^''^jb{N)  bounds.  For  i  =  0.  these  relations  follow  trivially 
from  lemma  3.1,  the  correctness  of  ABA.  and  the  fact  that  implies 

Rj{N)^Rt{j^')  &nd  Also,  they  are  identities  fori  =  A=l.  Therefore, 

only  -'V>2,  need  be  considered. 

[Primary  Performance  Measures] 

A 

[Relation  3-10] 

Relation  (3-10)  can  be  expanded  using  equation  (3-4)  and  the  MVA  mean 
residence  time  equation  as 


Applying  theorems  3.1  and  3.2.  and  noting  that  bottleneck  majorization  implies 
majorization.  this  relation  holds  from  relation  (3.2-6)  in  lemma  3.2.  (Note  that 
for  the  upper  bound,  nesting  is  also  shown,  as  is  the  case  for  all  bounds  involv¬ 
ing  only  quantities  from  the  pessimistic  computation.) 
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[Relation  3-11] 

From  Little's  equation,  X{N)  =  y)  '  upper  or  lower  bound  on  R{N) 

therefore  yields  a  lower  or  upper  bound,  respectively,  on^(A^). 

[Relation  3-12] 

From  Little’s  equation,  C4(A^)  =  X{N)Lif  for  all  fixed-rate  service  centers  k. 
An  upper  or  lower  bound  on  X{N)  therefore  3delds  an  upper  or  lower  bound, 
respectively,  on  Uk{N). 


[Secondary  Performance  Measures] 

[Relation  3-13] 

Applying  theorem  3.2,  the  upper  bound  holds  from  the  definition  of 
bottleneck  majorization.  The  lower  bound  holds  from  theorem  3.1  and  relation 
(3.2-3)  in  lemma  3.2. 

[Relation  3-14] 

From  relation  (3-13), 

Adding  one  to  each  term  in  this  relation,  multiplying  through  by  Z* ,  and  utiliz¬ 
ing  equation  (3-4)  and  the  MVA  mean  residence  time  equation  3delds  the  desired 
result. 

[Relation  3-15] 

From  Little's  equation,  rij^niN)  =  X{N)Z.  An  upper  or  lower  bound  on  X{N) 
therefore  yields  an  upper  or  lower  bound,  respectively,  on  n/f^.l(7V), 

[Relation  3-16] 

The  lower  bound  holds  from  theorem  3.2  and  the  definition  of  bottleneck 
majorization.  The  proof  of  the  upper  bound  requires  the  following  relation: 


(3-16) 
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for  all  fixed-rate  service  centers  k  and  j  such  that  Lj^Lk.  j  ,  k^b 
(/V-l>a>0). 

The  proof  of  relation  (3-18)  is  by  induction  oni.  For  1=0,  the  relation  holds 
from  equation  (3-9).  and  from  the  fact  that  nj-%ss{^)  -  -  0-  Assume 

that  the  relation  holds  for  i-1.  and  consider  the  relation  for  i  Noting 

that  X^llsiN).  relation  (3-18)  will  be  shown  for  i  if  it  can  be  shown 

when  the  left-hand  side  is  divided  by  ^Iss^\N).  and  the  right-heind  side  is 
divided  bv  Utilizing  Little’s  equation  and  equation  (3-4),  this  vdelds 

Since  ri^^pa^iN-\)  &  nip';ys(A-l).  and  Lj  ^  Lie.  this  last  relation  will  be  shown  if 
it  can  be  shown  when  I*  is  replaced  by  Lj.  Simplification  then  yields  relation 
(3-18)  for  i-l,  iV-1.  which  holds  from  the  inductive  hypothesis.  This  estab¬ 
lishes  relation  (3-18)  for  i.  By  induction,  relation  (3-18)  is  established  for  all 
i^O. 


Relation  (3-13)  implies  that 


Tij  [N)  -  Tik  {N)  > 


P9SS 


(A’) 


or 


rij  {N)  -  (N)  >  (AO  -  ni^%ss  (A)  (3-19) 

Now.  from  relation  (3-15),  and  the  fact  that  2]  ^A:'pess(A^)-=  E  ^*(^0. 


k  =  l 


*=i 


f  ^i%.i.  (N)>  f  n.( 


AO 


k  =  \ 


k=l 


Relation  (3-13)  then  yields 


K'‘i=(A/)-n.'‘2„(A))  t  t  n,<0„(A)a:  f  n,(A) 

k  =  \Xt‘b  k  =  \,k}tb 

The  quantity  is  termed  a  heap.  A  heap  represents  a  mean 

queue  length  quantity  that  is  to  be  allocated  to  some  set  of  service  centers  (in 
this  case,  the  fixed-rate  service  centers,  excluding  the  bottleneck  service 
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center).  Noting  that  n^%ss{^)  ^  for  l^k<K  ,ki^b,  the  heap  represents  a 

pessimistic  value  for  the  mean  number  of  customers  that  have  not  been 
already  accounted  for  by  the  n^%ss{^)  values. 

In  the  present  context,  the  heap  must  be  allocated  so  that  the  portion 
allotted  to  service  center  k  is  pessimistic.  A  separate  heap  allocation  will  be 
used  for  each  service  center,  since  an  allocation  that  is  pessimistic  for  one  ser¬ 
vice  center  need  not  be  pessimistic  for  some  other  service  center.  From  rela¬ 
tion  (3-19),  it  is  pessimistic  for  service  center  k  to  assume  that  all  fixed-rate 
service  centers  with  a  higher  or  the  same  loading  (excluding  the  bottleneck 
service  center,  since  it  is  not  under  consideration  here)  receive  an  equal  por¬ 
tion  of  the  heap,  and  those  with  lesser  loadings  receive  none  of  the  heap,  Rela¬ 
tion  (3-16)  then  follows  directly. 

[Relation  3-17] 

From  relation  (3-16), 

Adding  one  to  each  queue  length  term  in  the  relation,  multiplying  through  by 

and  utilizing  equation  (3-4)  and  the  MVA  mean  residence  time  equation 
yields  the  desired  result.  • 

It  should  be  noted  that,  with  the  initial  estimates  of  subsection  3.1.2,  the 
level  1  PBH  bounds  on  the  primary  performance  measures  correspond  exactly 
to  those  yielded  by  the  Balanced  Job  Bound  algorithm,  if  the  queueing  network 
contains  no  delay  service  centers. 

3.1.5.  An  Example 

Table  3.2  gives  the  level  5  PBH  bounds  for  the  example  queueing  network 
whose  loadings  are  given  in  table  3.1,  for  a  population  of  50  customers.  Note 
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that  the  exact  solution  corresponds  to  bound  level  50.  Table  3.3  shows  system 
throughput  and  mean  system  residence  time  bounds  of  various  levels  for  the 
same  population,  illustrating  the  speed  with  which  the  PBH  bounds  approach 
the  exact  solution  as  the  bound  level  increases.  In  figure  3.1,  PBH  bounds  on 
system  throughput  and  mean  system  residence  time  are  shown  over  a  range  of 
workload  intensities. 


Pixed-rate  Service  Center  Loadings 

1 

2  i  3 

4 

5  1  6 

7 

8 

.25 

.20  1  .17 

.16 

.08  1  .06 

.05 

.03  i 

Delay  Service  Center  Loading;  15 

An  Example  Queueing  Network 

Table  3. 1 


3.2.  An  Algorithm  Modification 

One  disadvantage  of  the  PBH  algorithm  as  presented  in  section  3.1  is  the 
lack  of  guaranteed  nesting  in  the  optimistic  mean  queue  length  allocations.  (A 
vector  cf  level  i  mean  queue  lengths  may  not  be  majorized  by  the  level  i  +  1 
mean  queue  length  vector  for  the  same  queueing  network  and  population  level.) 
Even  so,  the  primary  performance  measure  bounds  produced  by  utilizing 
as  well  as  quantities  from  the  optimistic  computation  are  empirically  nested 
(although  a  proof  of  this  has  been  elusive)  In  this  section,  the  PBH  algorithm 
IS  modified  to  guarantee  nesting  in  the  optimistic  mean  queue  length  alloca¬ 
tions.  and  therefore  in  the  bounds  derived  from  the  optimistic  computation 
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 System  Bounds 

•  System  Throughput 

Mean  System  Resic 

ence  Time 

1 

Upper  i  Exact 

Lower 

Upper 

Exact 

Lower 

3.93  i  2.92 

2.89 

2.33 

2.1b 

2.07 

Eixe8-Ra 

.e  Service  Center  Rounds 

Service 

Center 

Mean  Residence  Time 

Mean 

Queue  Length 

L 

tilization 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

1 

.93 

.81 

.74 

2.74 

2.35 

2.16 

.73 

.73 

.72 

2 

.48 

.46 

.43 

1.41 

1.33 

1.23 

.59 

.58 

.58 

3 

■  .34 

.33 

.31 

,99 

.95 

.91 

.50 

,50 

,49 

4 

.30 

.29 

.28 

.88 

.65 

.62 

.47 

.47 

.46 

5 

.10 

.10 

.10 

.31 

.30 

.30 

.23 

.23 

.23 

6 

.07 

.07 

.07 

.21 

.21 

.21 

.18 

.17 

.17 

7 

.06 

.06 

.06 

.17 

.17 

.17 

.15 

.15 

.14 

8 

.03 

03 

.03 

.10 

.10 

09 

.09 

.09 

,09 

.  PeJay..5.ex.yic£..Cejiter  Bounds 

Mean  Queue  Length 

Upper 

Exact 

Lower 

43.94 

43.74 

43.28 

Level  5  PBH  Bounds  for  an  Example  Queueing  Network 

Table  3.2 


Bound 

Level 

Bounds 

on  yY(50') 

Bounds  on  R’f50') 

Upper 

Lower 

Upper 

Lower 

1 

3.05 

2.77 

3.04 

1.38 

2 

2.99 

2.81 

2.80 

1  70 

3 

2.96 

2.84 

2.59 

1.90 

4 

2.94 

2.87 

2.43 

2.01 

5 

2.93 

2.89 

2.33 

2.07 

50  (exacO 

2.92 

2.15 

PEH  Bounds  of  Various  Levels  for  an  Example  Queueing  Network 

Table  3.3 
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Level  5 


PBH  Bounds  on  System  Throughput  and  Mean  System  Residence  Time 
for  an  Example  Queueing  Network 


Figure  3. 1 
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This  modification  aflects  only  the  optimistic  computation.  While  the 
optimistic  computation  of  the  basic  PBH  algorithm  uses  precisely  the  MVA 
equations,  in  the  modified  algorithm  slightly  different  equations  are  used: 


■j  opt 


(N)  = 


K 


Y.Ri%i{N) 

k-\ 


RiiUN) 


z*i&Kn) 


N 


■j<K 


and 


(3-20) 


(3-21) 


{N)  =  mccr  [a  (iV)  .  £  {N)]  (3-22) 

*=i 

These  equations  are  only  marginally  more  expensive  than  those  of  the  basic 
algorithm,  and,  in  fact,  have  identical  dominant  terms  in  their  time  and  space 
complexities  (see  section  3.4). 

Nesting  may  be  violated  in  the  basic  PBH  algorithm  due  to  the  nature  of 
the  optimistic  initial  estimates.  The  optimistic  initial  estimation  of  the  mean 
system  residence  time,  and  of  the  total  mean  number  of  customers  at  the 
fixed-rate  service  centers,  is  asymptotically  exact  as  N  increases  since  a.{N)  is 
asymptotically  exact.  However,  for  large  K  the  initial  distribution  of  the  fixed- 
rate  service  center  customers  (an  equal  allocation  to  each  service  center)  is 
asymptotically  very  poor.  This  can  induce  poorer  estimations,  at  the  higher 
bound  levels,  of  the  mean  system  residence  time  and  of  the  total  mean  number 
of  customers  at  the  fixed-rate  service  centers.  Equations  (3-20)  to  (3-22)  com¬ 
pensate  for  this  difficulty  by  utilizing  a  (N)  in  the  computation  of  these  quanti¬ 
ties.  The  equations  reduce  to  the  MVA  equations  for  N=i  (since 
TrLax[R{N)  ,  a(V)]  =  EiN)),  and.  except  for  equation  (3-22),  for  Z=0  as  well.  A 
proof  that  they  preserve  queue  length  majorization  is  given  in  lemma  3.5  of 
appendix  3. A.  This  result  is  utilized  in  theorem  3.4.  which  establishes  nesting 
in  the  optimistic  mean  queue  length  allocations  of  the  modified  PBH  algorithm. 
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Theorem  3.4: 

Vt'ith  the  modified  PBH  algorithm.  is  majorized  by 

(njVpi^AO.  •  •  •  .-n-k^^siN))  for 


F*roof: 

From  lemma  3.5,  it  need  only  be  shown  that 
is  majorized  by  (.V-i).  •  •  ■  Consider  then  an  indexing  of  the 

fixed-rate  service  centers  such  that  +  i  for  l^k-^K-1. 

From  equations  (3-7)  and  (3-20)  to  (3-22),  for  l^k^K 


Therefore. 


{N^)  (3-23) 


tr'l'UN-i)  =  - - (A,-i) 


C  =  1 


Also,  for  l^j<K, 


i  (W-i) 

^  nj%i  {N-^)  - 


k  =  \ 

reduces  to,  after  using  equations  (3-7)  and  (3-23) 
tors. 


and  canceling  common  fac- 


k  =  l 


which  holds  due  to  the  assumed  service  center  indexing.  From  the  definition  of 
majorization,  this  establishes  the  theorem.  ■ 
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Theorem  3.4  also  establishes  that,  with  the  modified  PBH  algorithm, 

■  ■  ■  .nPoptiN))  is  majorized  by  {ni{N).  ■  ■  ■  .n^iN))  as 

was  established  in  theorem  3.1  for  the  basic  algorithm.  This  follows  since 
is  exact,  and  since  majorization  is  transitive  when  all  of  the  quantities 
involved  are  non-negative.  Theorem  3.3  therefore  holds  unchanged  for  the 
modified  algorithm  (although  it  is  redundant  to  explicitly  consider  cl{N)  in  rela¬ 
tion  (3-10)). 

It  is  easy  to  show  that  the  modified  optimistic  computation  produces  level 
i  performance  measures  that  are  at  least  as  accurate  (in  the  sense  of  being 
optimistic  to  the  same  or  a  lesser  degree)  as  those  of  the  basic  optimistic  com¬ 
putation.  Empirically,  however,  the  difference  in  primary  performance  meas¬ 
ure  values  (if  present  at  all)  is  significant  only  for  queueing  networks  with 
many  fixed-rate  service  centers,  as  long  as  the  bound  a(A^)  is  used  as  in 
theorem  3.3.  Secondary  performance  measure  values  differ  more  frequently 
and  to  a  greater  extent.  Therefore,  the  modified  optimistic  computation  is 
recommended  only  when  secondary  performance  measure  bounds  are  required. 

In  table  3.4,  a  comparison  is  made  among  the  exact  system  and  fixed-rate 
service  center  performance  measures  for  the  queueing  network  of  table  3.1  and 
a  population  of  70  customers,  the  level  3  performance  measures  yielded  by  the 
modified  optimistic  computation,  and  the  level  3  performance  measures  yielded 
by  the  basic  optimistic  computation  (utilizing  cl{N)  as  in  theorem  3.3).  This 
choice  of  workload  intensity  and  PBH  performance  measure  level  was  one  of  the 
few  for  which  the  primary  performance  measures  of  the  basic  and  the  modified 
optimistic  computation  differed.  Table  3.5  presents  the  same  comparison 
under  the  assumption  that  an  infinite  number  of  fixed-rate  service  centers  with 
zero  loading  have  been  added  to  the  network.  This  modification  causes  the  ini¬ 
tial  optimistic  mean  queue  length  allocation  to  be  very  poor,  an  effect  which 
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propagates  to  higher  levels  in  the  basic  optimistic  computation. 
3.3.  Symbolic  Formulation 


3.3.1.  Algorithm  Structure 

The  symbolic  formulation  of  the  PBH  aJgorithm  utilizes  symbolic  MVA  as  its 
basis,  rather  than  MVA.  This  modifies  the  computational  method  used;  it  does 
not  change  the  performance  measure  values  that  are  obtained. 

For  queueing  net’.vorks  of  the  tjqje  being  treated,  symbolic  jMX^A  computes 
fy(n.p)  quantities,  where  jy(n.p)  is  defined  by 

W'(n,p)  =  Zl^Ejc(n-p)  =  fir'J^Jcin-p  +  l)  (3-24) 

l:  =  l  fc  =  l 

From  equation  (2-3). 


fy 


(n,p}  = 


(3-25) 


Z+  fy{n-p,l) 

where  ^  Symbolic  MVA  uses  equation  (3-25)  to  compute  the  mean 


A:  =  l 


system  residence  time  /?(A)  =  IVlA.l),  starting  from  fy{n,p)  values  such  that 
n=p  (l<p<A).  Other  primary  performance  measures  (as  well  as  the  mean 
queue  length  for  a  delay  service  center)  can  be  obtained  using  Little's  equation. 
The  mean  residence  time  at  each  fixed-rate  service  center  k  of  interest  (and 
therefore,  from  Little's  equation,  the  mean  queue  length)  can  be  computed 
using  (from  equation  (2-4)) 


(3-26) 


where 


^4(^.p)  =  L^Et,[Ti-p)  =  ‘.Pi;(n-p  +  l) 

The  symbolic  PBH  algorithm  computes  \V^\n,p)  quantities,  where 

^  (3-27) 

1:  =  I 

The  symbolic  formulation  of  the  basic  PBH  algorithm  utilizes  equation  (3-25) 
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System  Performance  Measures  fLevel  3) 

System  Throughput 

Mean  System  Residence  Time 

Basic 

Mod. 

Exact 

Basic 

Mod. 

Exact 

3.96 

3.95 

3.72 

2.69 

2.74 

3.84 

Fixed-Rate  Service  Cen 

ter  Performance  Measures  H.evel  

Service 

Center 

Mean  Residence  Time 

Mean 

Queue  Length 

Utilization 

Basic 

Mod. 

Exact 

Basic 

Mod. 

Exact 

Basic 

Mod. 

Exact 

1 

.97 

1.00 

2.00 

3.64 

3.93 

7.45 

.99 

.99 

.93 

2 

.60 

.61 

.72 

2.38 

2.42 

2.67 

.79 

.79 

.74 

3 

■  .43 

.44 

.45 

1.72 

1.74 

1.66 

.67 

.67 

.63 

4 

.39 

.39 

.38 

1.53 

1.55 

1.43 

.63 

.63 

.59 

5 

.12 

.12 

.11 

.48 

.46 

.42 

.32 

.32 

.30 

6 

.06 

.08 

.08 

.32 

.32 

.29 

.24 

.24 

.22 

7 

.06 

.06 

.06 

.25 

.25 

.23 

.20 

.20 

.19 

8 

.03 

.03 

.03 

.14 

.14 

.13 

.12 

.12 

.11 

A  Coii^>arLsoii  Between  the  Basic  and  Modified  PBH  OpUinistic  Iteration 

Table  3.4 


System  Performance  Measures  (Level  3) 

System  Throughput 

Mean  System  Residence  Time 

Basic  1  Mod. 

Exact 

Basic 

Mod. 

Exact 

4.00  3.95 

3.72 

2.50 

2.74 

3.84 

Fixed-Rate  Service  Center  Performance  Measures  (Level  3) 

Service 

Center 

Mean  Residence  Time 

Mean 

Queue  Length 

Utilization 

Basic 

Mod. 

Exact 

Basic 

Mod. 

Exact 

Basic 

Mod. 

Exact 

■1 

1 

.78 

1.00 

2.00 

3.17 

3.93 

7.45 

1.00 

.99 

.93 

2 

.51 

,61 

.72 

2.05 

2.42 

2.67 

.60 

.79 

.74 

3 

.38 

.44 

.45 

1.52 

1.74 

1.66 

.68 

.67 

.63 

4 

.34 

.39 

.38 

1.37 

1.55 

1.43 

.64 

.63 

.59 

5 

.12 

.12 

.11 

.47 

.48 

.42 

.32 

.32 

.30 

6 

.08 

.06 

.08 

.32 

.32 

.29 

.24 

.24 

.22 

7 

.06 

,06 

.06 

.25 

.25 

.23 

.20 

.20 

.19 

8 

.03 

.03 

.03 

.14 

.14 

.13 

.12 

.12 

.11 

A  Comparison  Between  the  Basic  and  Modified  PBH  Optimistic  Iteration  (Large  K) 

Table  3.5 
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unchan^ed; 

~\-{n  -p )  (3-28) 

Both  an  optimistic  and  a  pessimistic  computation  erne  required.  Note  that  both 
require  values;  these  are  computed  once  at  the  beginning  of  the  algorithm 
and  stored  for  later  use.  In  the  symbolic  formulation  of  the  modified  PBH  algo¬ 
rithm.  the  pessimistic  computation  utilizes  equation  (3-28).  w^hile,  for  the 
optimistic  computation,  equations  (3-27)  and  (3-20)  to  (3-22)  yield 


-P .  1) . 


Z+RUr^Hn-p) 


in-p) 


(3-29) 


where 


R<^}in)  =  Tnax\a{n)  ,  W(;^7(’^.i)] 

Both  the  symbolic  basic  and  the  symbolic  modified  PBH  algorithm  obtain  level  i 
primary  performance  measures  for  population  level  N  (l<i<Af-l)  from 
which  is  computed  recursively  from  }Y^^\tl,p)  values  such  that 
(A^-1)--7.  =n-p.  From  equation  (3-27)  and  the  optimistic  and  pessimistic  ini¬ 
tial  estimates  of  subsection  3.1.2. 


TV'O)/ 

"opt  \ 


n. 


p)  =  Z,'vP-i) 


g  (n-p  +1 ) 
K 


and 


^p'eM(7i.p)  =  L§  ^b[n-p  +  l) 

Secondary  performance  measures  for  each  fixed-rate  service  center  k  of 
interest  are  obtained  using 


in  the  basic  algorithm  and  in  the  pessimistic  computation  of  the  modified  algo¬ 
rithm.  and 


^i^Ltin.p)  =  Ii’+ 


‘^(7i-p.l) 


Z+R^^ir^n-p) 


(n^) 


in  the  modified  algorithm  optimistic  computation.  From 
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\n.p)  =  Li 

and  the  optimistic  and  pessimistic  initial  estimates  of  subsection  3.1,2, 


\<k^K 


and 


for  k  =b 

for  k  .l-<k-<K 


3.3.2.  Advantages  and  Disadvantages 

The  s3'-mbolic  formulation  of  the  PBK  algorithm  has  both  advantages  and 
disadvantages  computationally  in  comparison  to  the  non-symbolic  formulation. 
The  next  section  will  examine  the  computational  costs  of  both  formulations  in 
detail;  here  relative  characteristics  only  are  considered. 

The  primary  disadvantage  of  the  symbolic  formulation  is  the  additional 
computational  expense  required  to  obtain  secondary  performance  measures.  If 
Light  secondary  performance  measure  bounds  are  required  for  a  significant 
fraction  of  the  queueing  netyfork  service  centers,  then  the  symbolic  formula¬ 
tion  is  quite  likely  unsuitable.  In  particular,  bounds  on  the  performance  meas¬ 
ures  of  open  classes  can  only  be  obtained  if  mean  queue  length  bounds  for  the 
closed  class  are  available  (see  section  3.6);  therefore,  the  symbolic  formulation 
may  be  unsuitable  if  bounds  on  open  class  performance  mieasures  are  required. 

If,  on  the  other  hand,  only  bounds  on  the  primary  performance  measures 
of  the  closed  class  are  required,  the  symbolic  formulation  is  typically  less 
costly  than  the  non-symbolic  formulation.  For  example,  the  results  of  the  next 
section  imply  that  level  i  primary  performance  measure  bounds  for  a  single 
population  level  can  be  obtained  at  less  cost  using  the  symbolic  formulation  if 
i<3K.  a  condition  which  would  usually  hold.  In  addition,  a  major  advantage  of 
the  symbolic  formulation  is  the  partitioning  of  its  computational  requirements. 
Most  of  the  cost  is  incurred  in  the  computation  of  the  values,  which  is 
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performed  prior  to  the  optimistic  and  pessimistic  computations.  This  computa¬ 
tion  does  not  have  to  be  repeated  if  it  is  decided  to  compute  bounds  at  multiple 
bound  hierarchy  levels  (increasing  the  efficiency  of  attempting  to  achieve  some 
given  accuracy  constraint),  or  if  bounds  for  multiple  population  levels  are 
required  (increasing  the  efficiency  of.  for  exeunple.  computing  PBH  bounds  for 
queueing  network  populations  from  1  to  N,  which  will  prove  useful  in  chapter 
six). 

3.4.  Computationcxl  Cost 

The  domineint  terms  in  the  Lime  and  space  complexities  of  obtaining  exact 
performance  measures  using  the  MVA  algorithm  (where  the  time  complexity  is 
determined  by  the  number  of  arithmetic  operations  that  must  be  performed) 
are  4AjV  and  K,  respectively.  The  PBH  algorithm  can  substantially  reduce  this 
cost,  as  is  shown  by  the  dominant  complexity  terms  given  in  table  3.6.  FoLir 
usages  of  the  PBH  algorithm  are  considered,  m  wliich;  (l)  a  single  recursive 
computation  is  performed  (using  either  the  optimistic  or  pessimistic  initial 
estimates).  (3)  Doth  an  opcimistic  and  a  pessimistic  computation  are  per¬ 
formed.  (3)  both  computations  are  performed  d  times  to  compute  level  i— d  +  1 
to  level  i  bounds  on  the  performance  measures  of  a  given  population  level,  or 
(4)  both  computations  are  performed  d  times  to  compute  bounds  at  a  given 
level  on  the  performance  measures  of  population  levels  N-d+1  to  N.  The  dom¬ 
inant  complexity  terms  shown  are  the  same  for  both  the  basic  and  the  modified 
PBH  algorithms. 

The  most  efficient  method  of  computing  level  i  PBH  performance  measures 
using  the  non-symbolic  algorithm  formulation  is  to  compute  the  level  1  PBH 
performance  measures  from  their  analytic  expressions,  and  then  use  them  as 
initial  estimates  for  the  optimistic  and  pessimistic  computations.  The  level  1 
performance  measures  are  used  since  they  have  essentially  the  same  cost  as 
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Non-svn:ibo] 

iic  Formulation 

Single 

Both 

i—d  +  1  to  i 

N-d-^l  to  N  1 

Time 

AKi 

QKi 

BK{i-i-)d 

QKid 

Soace 

K 

K 

K 

K 

Symbolic  Formulation 

•! 

Single 

Both 

i—d  +  l  to  i 

N—dAl  to  N 

i 

1 

Tim.e  | 

i^-^2Ki+Zki 

2i^+2Ki+Aki 

2d(i(i-d)+^)  + 
2K^^■Ak{i-^)d 

(8i2+4H)d  +  2Ai 

Space  i 

2i+ki 

Zi+ki 

Zi+ki 

Zi+ki 

k  -  number  of  fixed-rate  service  centers  for  which 
secondary  performance  measures  are  required 

The  Computational  Cost  of  the  PBH  Algorithm 

Table  3.6 

the  level  0  performance  measures,  due  to  simplifications  arising  from  the  fact 
that  the  optimistic  and  pessimistic  level  0  mean  queue  length  allocations  to 
each  fixed-rate  service  center  k  are  independent  of  L^.  The  quantities  given  in 
table  3.6  are  independent  of  whether  the  level  0  or  the  level  1  performance 
measures  eire  used  as  initial  estimates  (since  they  include  dominant  terms 
only),  and  follow  directly  from  the  time  complexity  [AK)  and  space  complexity 
(/O  of  an  application  of  the  MVA  equations. 

The  symbolic  formulation  results  are  based  on  a  particular  approach  to 
evaluating  the  W^^n.p)  quantities.  (The  method  of  computing  the  required 
W^\n,p)  quantities  is  more  straightforward  and  will  not  be  elaborated  on 
here.)  This  approach  is  based  on  the  observation  that  W^\n,p)  is  defined  in 
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terms  of  quantities  such  that  n-p -l=r7i-g.  is  defined  in 

terms  of  all  quantities  ,g)  such  that  N-Z^m-q  (l<g<2),  and,  in  gen¬ 

eral.  all  W^^'^{n,p)  quantities  such  that  (A'’-l)-(i-;)=n -p  (l<p<(i -^■)+l)  are 
collectively  defined  in  terms  of  all  W^~'^'^{Tn,q)  quantities  such  that 
(fV-l)-(i-; +l)=m-g  (l<g<(i-;)+2).  Therefore,  the  required  ^^^(n.p)  quan¬ 
tities  can  be  computed  by  first  calculating  all  of  the  W'^°^(n,p)  values  such  that 
{N—l)-i=n-p .  These  values  can  then  be  used  to  calculate  all  of  the  l)'^^^(n,p) 
values  such  that  (jV-l)-(i-l)=n-p  (saving  these  in  the  storage  used  for  the 
H'^°^(n.p)  quantities),  and  so  on  until  has  been  calculated.  In  all,  the 

iZ 

number  of  fy^>{n.p)  values  that  must  be  calculated  is  of  the  order  of  .  Each 

of  these  requires  2  arithmetic  operations’  (see  equation  3-28,  for  excimple,  and 

note  that  the  number  of  - 7-~;\-r - r  expressions  that  must  be  evaluated 

is  of  the  order  of  i  and  that  therefore  these  computations  can  be  disregeirded), 
once  the  necessary  quantities  have  been  obtained  (which  require  an  addi¬ 
tional  order  2Ki  operations). 


3.5.  Algorithm  Accuracy 
3.5.1.  Accuracy  Measures 


There  are  a  number  of  measures  of  bound  tightness.  The  measure  that  will 
be  utilized  in  this  thesis  is  the  magnitude  of  the  maximum  possible  percent 
relative  error  in  a  bound-based  point  estimate,  and  will  be  termed  the  maximaL 
error  Given  a  lower  bound  L,  an  upper  bound  U,  and  a  point  estimate  A 


i  A  _ rp  \ 

(L^A^U),  the  meocimal  error  is  defined  as  max  - — - — h  *  100%.  The  particular 

CelL.l/]  E 

point  estimate  that  is  used  when  calculating  the  maximal  error  is  that  which 
minimizcr  this  error  measure,  and  can  be  shov.'n  to  be  the  harmonic  mean  of 


the  two  bounds 


2UL  s 

u+l' 


Tne  maximal  error  is  then  given  by 
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-7^  100% 

U+L 

The  maximal  error  is,  by  definition,  greater  than  or  equal  to  the  actual 
relative  error  in  the  bound-based  point  estimate,  and  should  be  regarded  as 
quite  pessimistic  as  a  measure  of  point  estimate  accuracy  with  respect  to  the 
measures  that  are  used  when  studying  non-bounding  approximation  tech¬ 
niques.  However,  the  intended  interpretation  of  the  maximal  error  measure  is 
as  a  measure  of  bound  tightness,  not  as  a  measure  of  the  actual  point  estimate 
accuracy.  In  practical  applications,  the  exact  solution,  and  therefore  the 
actual  point  estimate  accuracy,  is  unknown. 

A  queueing  network  bounding  algorithm  yields  bounds  on  a  number  of 
different  performance  measures.  In  this  thesis,  bounding  algorithm  accuracy 
will  be  evaluated  by  applying  the  maximal  error  measure  to  the  primary  perfor¬ 
mance  measure  bounds,  since  the  primary  performance  measures  are  usually 
those  of  most  importance  to  the  modeller.  Since  system  throughput  and  the 
utilization  of  each  service  center  are  directly  related  through  Little’s  equation, 
their  maximal  error  measures  are  the  same.  Therefore,  only  system 
throughput  and  mean  system  residence  time  will  be  explicitly  considered. 

3.5.2.  Analytic  Results 

The  "worst  case"  accuracy  of  a  bounding  algorithm  can  be  defined  as  the 
supremum  of  its  maximal  errors,  over  all  possible  queueing  networks  of  the 
type  being  treated  and  all  possible  population  levels.  A  worst  case  accuracy 
result  will  be  presented  here  for  the  PBH  algorithm  (both  the  basic  and  the 
modified),  for  queueing  networks  with  no  delay  service  centers.  This  result 
depends  on  the  following  conjecture: 


-62- 


Conjecture; 

The  supremum  of  the  level  i  (i^l)  PBH  primary  performance  measure 
bound  meiximai  errors,  for  queueing  networks  with  no  delay  service  centers, 
occurs  in  the  limit  as  the  number  of  fixed-rate  service  centers  tends  to  infinity. 
U)-*0,  Lie/  L^-*Q  for  k/b  .  and  N-*l/  Lt  ■ 

Discussion; 

Intuitively,  the  conjecture  states  that  the  worst  errors  occur  as:  (1)  the 
queueing  network  size  grows  without  bound:  (2)  the  loading  of  the  bottleneck 
service  center  becomes  insignificant  with  respect  to  the  total  loading  (recall 
that  the  toted  loading  is  normalized  to  one),  implying  that  the  pessimistic  ini¬ 
tial  mean  queue  length  allocation  becomes  very  poor;  (3)  each  other  fixed-rate 
service  center  loading  becomes  insignificant  with  respect  to  the  bottleneck  ser¬ 
vice  center  loading.  impl)dng  that  the  queueing  network  becomes  very  "unbal¬ 
anced";  and  (4)  the  queueing  network  population  grows  without  bound,  while 
remaining  at  the  intersection  point  of  the  ABA  bounds  NL^  and  1. 

The  conjecture  has  been  proved  for  i  =  l  andi=2;  appendix  3.B  contains  the 
proof  for  i  =  2. 

Theorem  3.5: 

If  the  conjecture  given  above  holds,  then  the  supremum  of  the  maximal 
errors  of  the  level  i  (i^l)  PBH  primary  performcmee  measure  bounds,  for 
queueing  networks  with  no  delay  service  centers,  is  l/(2i  +  l)  *  100%. 

Proof: 

In  appendix  3,B,  it  is  proved  that  (note  that  a{N)=m.ax[NLt,.l]^l 

as  well)  and  ( .‘V) -*  1  + for  the  limiting  case  of  the  previous  conjecture 
(with  both  the  modified  and  the  basic  algorithms).  By  applying  the  definition  of 
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the  maximal  error,  this  yields  the  desired  result  for  the  mean  system  residence 
time  bounds,  and,  with  the  use  of  Little's  equation,  for  the  system  throughput 
bounds  as  well.  • 

For  queueing  networks  with  delay  service  centers,  the  supremum  of  the 
system  throughput  maximal  errors  (for  a  given  Z)  is  probably  different  from 
that  of  the  mean  system  residence  time  maximal  errors.  By  noting  that  a  delay 
service  center  can  be  simulated  by  a  large  number  of  fixed-rate  service 
centers,  each  with  a  small  loading,  and  that  the  PBH  initial  estimates  are 
poorer  when  an  actual  delay  service  center  is  replaced  by  such  a  simulation, 
theorem  3.5  can  be  applied  to  bound  these  supremums.  If  the  conjecture  of 
this  section  holds,  then  the  system  throughput  maximal  error  supremum  for 
networks  with  delay  service  centers  is  less  than  or  equal  to  l/(2i+l)  *  100%, 
while  that  for  the  mean  system  residence  time  is  less  than  or  equal  to 
(Z+l)/(2'i  +  Z+l)  ^  100%. 

3.5.3.  Numerical  Results 

The  accuracy  of  the  PBH  algorithm  has  also  been  studied  by  applying  the 
basic  algorithm  to  a  number  of  test  queueing  networks.  A  set  of  48  queueing 
networks  was  chosen,  of  which  24  had  no  delay  service  centers,  12  had  a  delay 
service  center  with  a  loading  of  10,  and  12  had  a  delay  service  center  with  a 
loading  of  20.  Within  each  group,  one  half  had  20  fixed-rate  service  centers  and 
the  others  had  60.  The  loading  of  each  fixed-rate  service  center  in  each  queue¬ 
ing  network  was  derived  by  sampling  from  a  uniform  distribution  between  0  and 
1  using  a  pseudo-random  number  generator,  and  then  raising  the  result  to  a 
power  p.  Values  of  p  greater  than  1  make  the  queueing  network  fixed-rate  ser¬ 
vice  center  loading  distribution  more  skewed,  in  the  sense  of  having  only  a  few 
heavily  loaded  service  centers,  while  values  of  p  less  than  1  make  the  distribu- 
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tion  more  baleinced.  One  third  of  the  queueing  networks  were  generated  using  a 
p  value  of  2.  one  third  using  ap  value  of  .5.  and  the  remainder  using  ap  value 
of  1.  Finedly.  the  fixed-rate  service  center  loadings  of  each  queueing  network 
were  normalized  to  ensure  that  they  summed  to  1. 

Each  queueing  network  was  analyzed  with  four  population  levels  that 
depended  on  the  queueing  network.  These  were  chosen  to  be  the  smallest  popu¬ 
lations  that  yielded  exact  bottleneck  service  center  utilizations  of  at  least  50%. 
70%.  85%  and  95%.  Level  1.  3.  5  and  7  bounds  were  computed  for  each  queueing 
network  and  each  of  its  population  levels.  Over  each  of  several  chosen  group¬ 
ings  of  tests,  the  maximum  and  the  average  of  the  maximal  errors  for  system 
throughput  and  mean  system  residence  time  were  computed  for  each  bound 
level. 

Table  3.7  summarizes  the  results  for  the  192  combinations  of  queueing 
network  and  bottleneck  service  center  utilization.  Note  that  the  maximum  and 
the  average  of  the  maximal  errors  decrease  ^dth  increasing  bound  level.  Also, 
they  are  higher  for  the  mean  system  residence  time  than  for  the  system 
throughput. 

In  tables  3.8  to  3.11.  only  the  level  3  bounds  are  considered.  In  each  table, 
a  parameter  has  been  chosen  (respectively,  the  exact  bottleneck  utilization, 
the  delay  service  center  loading,  the  fixed-rate  service  center  loading  distribu¬ 
tion  skewness,  and  the  number  of  fixed-rate  service  centers),  and  the  behavior 
of  the  rriaxima'  errors  to  parameter  changes  has  been  Illustrated.  As  the  tables 
show  the  maximu.m  and  the  average  of  the  maximal  errors  increase  slightly  as 
the  skewness  increases  and  as  the  number  of  fixed-rate  service  centers 
increases.  The  maximum  and  the  average  of  the  maximal  errors  in  the  mean 
system  re.sidence  time  increase  as  the  delay  service  center  loading  increases 
substantially.  ^\hile  increasing  and  then  decreasing  for  the  system  throughput. 
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Bound 

Maximal  Errors  1%) 

Level 

R{IJ^  Aver. 

Rim  Max. 

Xim  Aver. 

Xim  Max. 

1 

22.9 

55.6 

9.3 

23.6 

3 

10.5 

34.8 

3.4 

6.9 

5 

5.9 

28.B 

1.9 

5.5 

7 

3.5 

20.8 

1.1 

3.8 

Maximal  Errors  for  a  Range  of  Bound  Levels 

Table  3.7 


Bottleneck 

Utilization 

Maximal  Errors  (Level  3  Bounds)  (%) 

RiN)  Aver. 

Rim  Max. 

Xim  Aver. .. 

Xim  Max. 

.50 

2,9 

6.3 

0,7 

1.3 

.Y'O 

8.7 

18.3 

2.4 

3.6 

,85 

15.7 

32.5 

4.9 

6.6 

.95 

14.4 

34.8 

5.8 

6.9 

Maximal  Errors  for  a  Range  of  Bottleneck  Utilizations 

Table  3.8 
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Delay  i  Maximal  Errors  (Level  3  Bounds)  (%) 


Service  Center  | - 

Loading  '  RiN)  Aver. 

RiN)  Max 

Aver 

XiN)  Max. 

0 

1  3.5 

6.6 

3.5 

6.6 

10 

!  14.8 

26.3 

3.7 

6.9 

20 

1  19.9 

34.8 

3.0 

6.5 

Maximal  Errors  for  a  Range  of  Delay  Service  Center  Loadings 


Table  3.9 


1 

Loading 

Skewness 

1  lvalue  of 

Maxima)  Errors  (Level  3  Bounds)  (%) 

RiX)  Aver. 

R'  X)  Max. 

XiX)  Aver. 

XiN)  Max, 

}  •'  —  ■  1 

0.5 

9.4 

28.6 

3.3 

6.5  1 

1.0 

10.7 

32.4 

3.5 

6.6 

2.0 

11.2 

34.8 

3.5 

6.9 

Maximal  Errors  for  a  Range  of  p  Values 

Table  3.10 


1  .Number 
i  of  Fixed-Rate 
!  Service  Centers 


Maximal  Errors  (Level  3  Bounds)  (%) 


RiN)  Aver  I  Max.  XiN')  Aver 


XiN)  Max. 


20 

60 


10.1 

10.0 


33.4 

34.8 


3.3 

3.6 


6.6 

6.9 


Maximal  Errors  for  two  Different  Queueing  Network  Sizes 

Table  3.11 
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(Note  that  an  increase  in  the  delay  service  center  loading,  for  a  fixed 
bottleneck  utilization,  requires  an  increase  in  the  customer  population.) 
Finally,  as  the  exact  bottleneck  utilization  increases,  the  maximum  and  the 
average  of  the  maximal  errors  increase,  with  one  exception.  However,  this  last 
effect  is  highly  dependent  on  the  bound  level  and  on  the  range  of  utilizations 
considered.  (As  the  queueing  network  population  increases,  while  keeping 
other  parameters  fixed,  the  maximal  errors  tend  to  zero.) 

3.6.  Modifications  to  Allow  Open  Customer  Classes 

3.6.1.  The  Modified  Algorithm  Structure 

The  class  of  queueing  networks  that  can  be  analyzed  by  the  PBH  algorithm 
can  be  extended  to  allow  for  any  number  of  open  customer  classes  in  addition 
to  the  one  closed  class  previously  assumed. 

In  this  context,  the  MVA  solution  algorithm  obtains  the  primary  and  secon¬ 
dary  performance  measures  of  the  closed  class  by  solving  a  queueing  network 
with  a  population  consisting  only  of  the  closed  class  customers,  and  with  the 

loading  at  each  fixed-rate  service  center  k  inflated  by  - — —  (assuming 

reO 

that  the  queueing  network  is  stable,  which  requires  that  max  t>e  less 

than  1)  [Zahorjan  &  Wong  81].  PBH  bounds  for  the  closed  class  can  be  obtained 
by  applying  either  the  basic  or  the  modified  algorithm  described  previously  to 
this  closed  single  class  queueing  network.  The  only  transformation  of  the  out¬ 
puts  that  is  required  is  a  deflation  of  the  service  center  utilization  bounds. 
(However,  the  inflated  utilizations  should  be  used  when  forming  service  center 
mean  queue  length  and  residence  time  bounds.) 

MVA  obtains  the  primary  and  secondary  performance  measures  of  each 
open  class  s  from  the  following  mean  residence  time  equation  [Zahorjan  &: 


-68- 


Wong  81]: 


U, 

l-Y.L^K 


(l+n,.(.V..X)) 


(3-30) 


The  other  primary  and  secondary  performance  measures  can  be  obtained  from 
little's  equation,  and  from 


fi,{KX)=  tn-AKX)  (3-31) 

fc  =  l 

PBH  bounds  for  each  open  class  s  can  be  obtained  from  the  PBH  closed  class 
perform.ance  measure  bounds  (subscripted  by  UB  and  LB),  as  summarized  in 
theorem  3.5.  The  class  s  system  throughput,  delay  service  center  mean  queue 
length,  and  service  center  utilizations  have  been  disregarded  here,  as  these  fol¬ 
low  directly  from  the  queueing  network  parameter  values, 


Theorem  3.5: 

For  each  open  class  s,  A(.3ri>0,  Nc^l.  and  open  class  arrival  rates  that 
maintain  stability. 


[Primary  Performance  Measures] 


2,  .X))  ^  R,  {N,  .X)  ^ 

reO 

^  ^ks  ,  (tl  /w  ,h  Rc^Ibk^c'"^) 


K 


(3-32) 


where,  indexing  the  fixed-rate  service  centers  so  that 


— vV*'  ,  for  l<A:</r-l. 
i  Zj  ^  r'V 

reO 


kc 

i-^Lv 

reO 


LB  -  — r“  - 

i.  ^  L\rKr 
reo 


k=Z  ^~  Yi  ^krK 


reO 


-] 
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[Secondary  Performance  Measures] 

^  1  .X))  >  (TV,  .X)  >  (3-33) 

reO  reO 

reo  reO 

P*roof; 


Except  for  the  lower  bound  on  the  class  s  mean  system  residence  Lime,  the 
proofs  of  these  relations  follow  directly  from  the  correctness  of  the  closed  class 

j 

bounds  and  from  equations  (3-30)  and  (3-31). 

The  lower  bound  on  mean  system  residence  time  expression 


Z,+Ri%{N,X)  ° 


-  tri&^LsiKX) 

k  =  l 


defines  a  heap.  The  heap  represents  an  optimistic  value  for  the  mean  number 
of  customers  of  class  c  that  have  not  already  been  accounted  for  by  the 
n^^LsiNc  X)  values.  I^c  lb  denotes  an  optimistic  average  (inflated)  loading  of 
class  s  customers  when  encountering  customers  from  the  class  c  heap.  The 
fact  that  Lsc  lb  is  optimistic  follows  from  the  deflnition  of  n^isiNc  X)  given  by 
theorem  3.3,  and  from  relation  (3-19).  • 


3.6.2.  An  Example 

Table  3.13  gives  the  level  3  PBH  bounds  (using  the  modified  algorithm)  for 
the  queueing  network  created  by  adding  to  the  network  of  table  3.1  an  open 
class  with  loadings  as  given  in  table  3.12,  for  a  closed  class  population  of  35  cus¬ 
tomers  and  an  open  class  arrival  rate  of  2.0.  Figure  3.2  shows  PBH  bounds  on 
the  open  class  mean  system  residence  time,  over  a  range  of  open  class  work¬ 


load  intensities. 
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1 

2 

3 

4 

5 

6  1 

7 

8 

.00 

.17 

.25 

.03 

.20 

.16  1 

.06 

.05 

The  Open  Class  lx>adings  of  an  Kxample  Queueing  Network 

Table  3. 12 


Svstem  Bounds  ' 

Mean  Svstem  Residence  Time  1 

Upper 

Exact 

Lower 

3.34 

3.13 

2.95 

1_ Fixed-Rate  Service  Center  Bounds 

Service 

Mean  Residence  Time 

Mean 

Queue  Length 

Center 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

1 

.23 

.22 

.20 

47 

44 

39 

2 

.65 

.61 

■  .54 

1.29 

1.21 

1.08 

3 

1.54 

1.36 

1.26 

3.07 

2.77 

2.53 

4 

.05 

.05 

.05 

.10 

.10 

.09 

5 

.45 

.45 

.45 

.91 

.90 

.69 

6 

.29 

.28 

.28 

.57 

.57 

.57 

7 

.08 

.06 

.08 

.15 

.15 

.15 

0 

.06 

.06 

06 

.12 

.12 

.12 

licvel  3  PBH  Bounds  on  Open  Class  Performance  Measures 

Table  3.13 
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PBH  Rounds  on  Open  Class  Mean  System  Residence  Time 

Jlgure  3.2 
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APPENDIX  3.A 


This  appendix  states  and  proves  lemmas  of  relevance  to  chapter  tliree. 


l^mma  3.1: 

For  all  jV>l, 
b  {N)  >  R[N) 

where  b  (At)  denotes  the  positive  root  of 


(3.1-1) 


Proof; 

The  lemma  will  be  shown  if  it  can  be  shown  that 


b{N)  >  R{n) 


(3.1-2) 


for  A^^>1.  The  proof  of  relation  (3.1-2)  is  by  induction  on  n. 

For  n  =  l,  relation  (3.1-2)  holds  since  b  (A^)  >  1  =  R{1).  Assume  that  the 
relation  holds  for  n— 1  (A^^^2).  and  consider  the  relation  for  n.  From  the 
definition  of  b{N),  the  VIV.A  mean  residence  time  equation,  and  Little’s  equation, 
relation  (3.1-2)  becomes 


1  + 


Z+b{N) 


{N-l)U  ^  1+f 

1:  =  1 


/?fc(^-l) 

Z+R{n  -1) 


(71-1)4 


This  last  relation  holds  from  the  inductive  hypothesis  and  from 

R{n-1)  ,  ...  ^  ^  Rk{n-1)  , 

Z+R{n-1)^^  ~  )^^Z+R(n-i)^'^ 


Relation  (3.1-2)  is  therefore  established  for  n,  and,  by  induction,  for  all  n  such 
that  N^n>l.  This  establishes  the  lemma.  • 


Lemma  3.2: 

Given  quantities  n*.  ni>0.  and  quantities 

{l^k'^K),  such  that 


n...  >  n 


b 

k  =  \ 


;  -  1 
t 


(3.2-1) 


Til. 


*=l 


and 


^  n*.  ^  ^  njfc 

k=\  k-l 


(3.2-2) 
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Then  for  any  quantities  such  that  Z,fc>Zj.+i>0  (1<A:<A'-1)  and  Li>0, 

(3.2-3) 


fc-i  fc=i 


(3.2-4) 


Jfc=i 


J^k 


*=i 


jfe=i 


i4(i+«*) 


1+flj  ^  (l+71y) 


ifc  =  l 


i  4(l+^fc) 

*  =  1 


l<j<K 


(3.2-5) 


and 


tu{l+n^)^  iuil+n^)  l^j^K 


(3.2-6) 


jt=i 


*=1 


Proof: 

[Relation  3.2-3j 

The  proof  is  by  downwards  induction  on  j . 

K  K 

For  j  =K,  ^  n;t  ^  S  ^it  t>y  assumption,  establishing  the  induction  basis. 

k  =  \  *  =  i 

Assume  that  relation  (3.2-3)  holds  for  7+I,  and  consider  the 

relation  for;.  Relation  (3.2-1)  applied  for  ; +1  )delds 

j  +  i 

Tlfc  E  . 


Tin,  E^.  "  =  ^ 


fc=i 


*=1 


==> 


k  =  \ 


k  =  \ 


k  =  l 
j±\ 

Since  El'^ifc-  E^Jfc  ^he  inductive  hypothesis,  it  must  be  the  case  that 

&  =  L  ik  =  l 

therefore,  relation  (3.2-3)  is  established  for;.  By  induction,  rela- 


riu  > 

fc  =  l  k  =  l 

tion  (3.2-3)  is  established  for  1<;<A'+1. 


[Relation  3.2-4] 

The  proof  is  by  induction  on  ;  . 

For;=l,  relation  (3.2-4)  trivially  holds,  establishing  the  induction  basis. 

Assume  that  relation  (3.2-4)  holds  for;,  1<;  <A'.  and  consider  the  relation 
for  ;■  +  1.  The  relation  will  be  shown  if  it  can  be  shown  for  minimized,  since 
the  assumed  ordering  of  the  Z*  values  yields 
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^  4n*  -  Lj^x^ni,  >  0 
*  =  1  *  =  i 

which  implies  that 
; '  > 

S  Urik 

- A;>i) 

it  =  i 


IS  minimized  for  mimmized.  By  relation  (3.2-1),  the  minimum  n^  +  i 

corresponds  to 


>  n*. 

4^  K 

Jt=l 

which  implies  that 

/ .  2-1 

fc=i  *=1 


fc=i 


i  n,  'V‘n. 

fc=l  *=1 

Using  this  last  equality  with  the  inductive  hypothesis  yields 
i£^"t)77r— ^ 


l:  =  l 


fc  =  l 


fc  =  l 
LLl 


Since  +  =  by  assumption,  this  last  relation  establishes 


fc=i 


relation  (3.2-4)  for  ;  -t-1.  By  induction,  relation  (3.2-4)  is  established  for 


[Relation  3.2-5] 

Consider  relation  (3.2-5)  for  From  relations  (3.2-1)  and  (3.2-4), 


i  Z*(l+n;k) 

1  +fij  ^  ( 1  +nj  )  ^ - 

i  4  (  1  +71*:  ) 


holds  if 


1+71,  ^  (1+71;) 

Vti, 

k^\ 


i  ^fc+(  Urik)'^ - 

^:7^* 


*=1  *:=1 


*:  =  I 


£4(1+71*:) 


k-=] 
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Multiplying  both  sides  by  (  ^  n^t)  ^  Lkil+n^.)  and  simplifying  produces 

k-i  k  =  l 

i  i  71*.  -  ^  fifc)  >  rij-  j  4  (  ^  i 

*  =  1  fc  =  l  jfc  =  l  k=l  A:  =  l  jfc  =  l 

From  relation  (3.2-3),  >  0;  this  fact  applied  to  the  preceding  rela¬ 


tion  3helds 


*  =  1  k  =  l 


^  LkUk  ^Uj'^Lk 
As=l  k  =  l 

Since  Tii^ng^  ■  ■  •  by  assumption,  this  last  relation  holds,  establishing  rela¬ 
tion  (3.2-5)  for 


[Relation  3.2-6] 

Consider  relation  (3.2-6)  for  l^j<K.  From  relation  (3.2-4), 

i^k 

iiUT^k)^ - ^  iunk 

i^k 

fc=l 

Applying  relation  (3,2-3)  )helds 

i  Lk^k  ^  i 

ifc=l  k  =  \ 

which  is  equivalent  to  relation  (3.2-6).  This  completes  the  proof  of  the  lemma.  ■ 


Lemma  3.3: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  4-Afcfi- 
Suppose  that  two  vectors  of  mean  queue  length  values, 
(nV^°)(//).  •  •  •  ,n)(-^'^)(//))  and  (nY'(°)(A^),  •  •  •  (where 

n^W(iV)^7ifc^i'])  (iV)>0  for  n\W(A0>0  and  nj^'^°H^)>-l  for  l^k^fC),  are 

such  that 

nh(o)(yv)  >  n/(c)(iV)i^^ - 

fc=i 

and 

f  n,-(°)(A)>  f 

Jfc=l  k  =  \ 

Then  for  all  is-O, 

(3.3-1) 

k  =  l 
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and 

f  f  (3.3-2) 

A:  =  l  k  =  l 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  i  applications  of 
the  MVA  equations  starting  from  the  values  superscripted  by  ^'(0)  and 
respectively. 


Proof: 


The  proof  is  by  induction  on  i. 


By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  From  Little's 
equation  and  the  \F.'A  mean  residence  time  equation,  relation  (3.3-2)  reduces  to 


t 

r  ■=.  1 


(A'+i  +  l) 


*  =  1 


Z+f  4{l+nr'‘>(W+i)) 

Jfc=l 


(iV+i  l) 


<  =  =  > 


f  4(l+nJ'(‘)(A'+i))  a  f  4(l+n{''<‘)(A+i)) 

*=1  fc=l 


This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis, 
establishing  relation  (3.3-2)  for  i  +  l. 

From  Little’s  equation  and  the  MVA  mean  residence  time  equation,  for 
relation  (3.3-1)  reduces  to  (after  canceling  common  factors  from  both 
sides  of  the  relation) 

^4(i+nr«)(Ar+i)) 

*  =  1 

This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis, 
establishing  relation  (3.3-1)  and  the  lemma  for  i  +  l  By  induction,  the  lemma  is 
established  for  i>0.  • 


Lemma  3.4: 

Suppose  that  two  vectors  of  non-negative  mean  queue  length  values, 
(ny(°)(A).  ■  •  •  .n^^^A))  and  (nY^°’ (A),  •  •  •  ,njf‘^°^(A)).  are  such  that 

<'^°J(A)  ^  <(0J(A) 

and 

f  ni'(«)(.V)  >  f  n^  W'Af) 

Jt  =  l  k  =  l 

Then  for  all  i>0, 

<’(^)(A+i)  <  n^^^\N+i) 

Tifc’^')(A+i)  >  nfc^^^(A+i)  kftb 


(3.4-1) 

(3.4-2) 
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and 

K  K 

Vn^W(yV+i)  >  (3.4-3) 

*  =  1  Jk  =  l 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  i  applications  of 
the  MVA  equations  starting  from  the  values  superscripted  by  v{Q)  and  i^’(O), 
respectively. 


Proof: 

The  proof  is  by  induction  on  i. 


By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  From.  Little's 
equation  and  the  MVA  m.ean  residence  time  equation,  relation  (3.4-3)  reduces  to 


*=*  Z+f  4(l+n^'‘>(W+t))' 


^  4(l+nt"'W(Ar+i)) 


This  last  relation  holds  if 

^  4(l+nJ'(‘)(Ar+i))  a  ^  4(l+nJ’’«)(W+i)) 

fc  =  l  k  =  l 

<==>  Z*(nJ'W(7V+i)-nJ''{^)(Af+i))  -  ^  0 

k*b 

From  the  inductive  hypothesis  on  relations  (3.4-1)  and  (3.4-2),  each  term  in  the 
above  relation  is  non-negative.  This  implies  that  the  relation  will  be  esta¬ 
blished  if  it  can  be  shown  that 

4(nJ'(^)(7V+i)-n5'’^')(7V+i))  -  Y  >  0 

K  K 

<==>  Yny^^\N^i)^  Ynji'^^'){N^i) 

k  =  l  k  =  l 


This  last  relation  holds  from  the  inductive  hypothesis  on  relation  (3.4-3),  estab¬ 
lishing  relation  (3.4-3)  for  i  +  1, 

From  relation  (3.4-3).  relation  (3.4-1)  or  (3.4-2)  could  be  violated  for  i  +  1 
only  if  there  is  a  service  center  j  ?^b  such  that 

nv(i+i)(;y+i  +  l)  ^  nV^^  +  i^AZ+i  +  l) 

From  Little’s  equation  and  the  ^F/Amean  residence  time  equation,  this  relation 
reduces  to 


Z+  y  A*;(l+Tifc‘'(‘)(Ai+i)) 


k  =  l 


<==> 


Z+f  4(l+"?''‘HW+i)) 


k  =  l 


r,,  ,  Z+ y  4(l+n^(^nA^+i)) 

l+nvi0(/y+,:)  ^ 

l+n/^^HvV+r)  Z-^Y^‘k{^+'^k^"\N+i)) 


However,  the  right-hand  side  of  this  last  relation  has  been  proved  to  be  greater 
than  or  equal  to  one,  while  the  left-hand  side  is  less  than  or  equal  to  one  by  the 
inductive  hypothesis.  As  this  is  a  contradiction,  relations  (3.4-1)  and  (3.4-2) 
eind  the  lemma  are  established  for  i  +  1.  By  induction,  the  lemma  is  established 
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for  i^O. 


Lemma  3.5: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  Z*;^Z*  +  i. 

Suppose  that  two  vectors  of  mean  queue  length  values, 
(nV^°)(;^).  •  •  ■  and  •  •  •  ,np^\N))  (where 

n^(0)(;^)>^v^0)  (;v)>0  for  and  for  l^k^K),  are 

such  that 

71  v-(0) (_^)  >  (0)^^  Y)  - 1  <;■  </r 

ik  =  l 

and 

fc=l  fc=1 

Then  for  all  i^O. 

i  ns<^\N+i) 

nV(0(7v+i)  ^nv(i)(7V+i)i^4^^ -  l^jicK  (3.5-1) 

^n^tOCAf+i) 

A:  =  l 

and 

f  ni'!‘)(A'+i)  ^  f  n^  <‘>(.V+i)  (3.5-2) 

Jk  =  l  *:  =  l 

where  the  superscripts  T;(i)  and  y'(i)  denote  values  >nelded  by  i  applications  of 
the  equations  used  in  the  optimistic  computation  of  the  modified  PBH  algo¬ 
rithm  (equations  (3-?0)  to  (3-22)),  starting  from  the  values  superscripted  by 
u(0)  andu'(O).  respectively. 

Proof: 

By  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  'i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  From  equations 
(3-20)  to  (3-22),  relation  (3.5-2)  reduces  to 

mcu:[a  (.-V+i  +  l)  ,  Lk{l+n]^^'''>{N  +  i))] 

- - (W+i  + 1) 

Z-^max[a{N+i  +  ])  ,  ^  Z-jt  (l  +  r?.* 

k  =  \ 

max[a(A/+i  +  l)  ,  ^  Z*  (l+n^’f^)(A/+i))] 

> - - 1 - {N+i  +  1) 

Z+max[a{N+i  +  l)  ,  ^  Z* ( 1 +n;k  f^^A^+i))] 

k  =  l 


which  is  equivalent  to 
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K  K 

2  Zt{l+ni”'‘>(A'+0)  a  2  4{l+n;W(7V+i)) 

fc=l  fc=l 

This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis, 
establishing  relation  (3.5-2)  for  i  +  1. 

From  equations  (3-20)  and  (3-21),  for  l^j<K  relation  (3.5-1)  reduces  to 
(after  canceling  common  factors  from  both  sides  of  the  relation) 

l+7iV'(i)(7V+i)>  (l+nv(0(/v+i))^^i - 

k  =  l 

This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis, 
establishing  relation  (3.5-1)  and  the  lemma  for  i+1.  By  induction,  the  lemma  is 
established  for  i>0.  ■ 


APPENDIX  3.B 


This  appendix  contains  proofs  of  two  results  relevant  to  section  3.5:  the 
conjecture  of  that  section  for  i=2,  and  the  values  of  R^p}{N)  and  R^UsiN)  (i^l) 
in  the  limiting  case  of  the  conjecture. 

Consider  first  the  proof  of  the  conjecture  for  i=2.  For  queueing  networks 
with  no  delay  service  centers, 

rIpKn)  = 


and 


a(jV)  =  max[NLb  ,  l] 


Since  the  maximal  error  in  a  pair  of  bounds  L  and  U  ( 
U 


U-L 

U+L 


100%)  is  maxim¬ 


ized  for  -j-  maximized,  the  expression  to  be  maximized  is 
Lt 

L^^'>+Li{N-2)  ^  , 


maj:[l+L'‘^^(jV-l)  .  RU,] 

It  can  be  verified  that 
L^^ULt^{N-2) 


(3.B-1) 


1  +  ' 


\+U{N-2) 


(W-1) 


NLt 


1 


is  maximized  for  N  minimized  for  all  /V^— ,  by  verifying  that  this  claim  holds 

^  A 

if  it  holds  for  minim.iz.ed,  substituting  for  (since  ^  L^,  the 


k  =  \ 


minimum  is  and  finally  taking  thp  derivative  of  the  resulting  expres¬ 
sion  with  respect  to  N.  This  result  implies  that  expression  (3.B-1)  is  maximized 


-  Bo¬ 


at  some  point  N  (possibly  non-integral)  such  that  1  +  NL(,. 

fore,  expression  (3.B-1)  is  maximized  when,  under  the  constraint  on  N. 


1  + 


(A-1) 


l+L(2)r^V-l) 


There- 


(3,B-2) 


is  maximized. 

It  can  be  shown  that  the  derivative  of  expression  (3.B-2)  with  respect  to  N 
IS  non-negative  if  it  is  non-negative  when  is  maximized  Substitution  of  the 
maximum  {L(,)  into  (3.B-2)  makes  this  expression  identically  1.  Therefore, 
expression  (3.B-2)  is  maximized  for  N  maximized,  which  corresponds  to 

=  NL^,.  or  N  =  — — ^  -.gv  (only  >  U,  need  be  considered).  Substi- 
tution  into  (3.B-2)  yields,  after  simplification. 

(1-Z,'2))(2I,,-L(2)) 


This  expression  can  be  shown  to  be  less  than  or  equal  to  3/2,  using  the  fact 
that  This  maximum  is  attained  in  the  limit  as  and  £^-*0 


(implying  that  Z*/  -*0  for  all  ,  and  that  N 


This  establishes  the  con¬ 


jecture  of  section  3.5  for  i  =2. 


It  wall  also  be  shown  in  this  appendix  that  Rjp]{N)-*l  and  R^lls{R)-*l+  ^ 
(i^l)  as  ^-*0  for  all  fc  /b  ,  Z^,  -»0,  and  N-* 

Consider  first  the  claim  that  Rop]{N)-^l.  It  wall  be  shown,  by  induction  on  i, 
Liiat  R^hN)^l.  Ri^%t{N)-*Lk  lor  k^b.  and  R^^%t  Only  the  basic  algo¬ 

rithm  will  be  treated  explicitly,  since  Rjp}{N)  =  cL{N)  implies  the  same  result  for 
the  modified  algorithm. 

From  the  assumed  limiting  values  of  {l^k<K),  it  follows  that 
implying  that 


This  establishes  the  induction  basis.  Assume  that  the  claim  holds  for  i.  The 
claim  for  i  + 1  then  follows  from 

Ri'UhN)  =  =  (i  +  1)/. 

(W-D)  -  4(1  + An)  ^ 

and 


K 


k  =  \ 


By  induction,  the  claim  is  established  for  all  i>l. 

Finally,  it  will  be  shewn  that  R^^LiN)-*l+  -r.  Zt’i%s(A^)-»Z.fc  for  k^b,  and 
ZtsVesav^)"*  ^  (Z^l)  The  proof  is  by  induction  on  i. 
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Consider  the  claim  for  1  =  1. 


Rb%ss{N)  =  h{lHN-l))  ^  1 

For  k?tb.  R,^%ss{N)  =  4-  Finally. 

R^^iN)  =  ->  2 


establishing  the  induction  basis.  Assume  that  the  claim  holds  for  i.  The  claim 
for  i  +  1  then  follows  from 


=  U(i+  + 


Ri'i'HN)  =  4(1  + 


i(l+f)  ^ 

4 


1+4-4 

X 


■)  ■*  4 


1 

i+1 

k^b 


and 

h^'Kn)  =  f -  i+T^ 

By  induction,  the  claim  is  established  for  all  i>l. 
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CHAPTER4 

THE  MULTIPLE  CLOSED  CLASS 
PERFORMANCE  BOUND  HIERARCHY  ALGORITHM 


The  PBH  adgorithm  requires  substantiad  modifications  before  it  can  be 
applied  to  queueing  networks  with  multiple  closed  classes.  For  queueing  net¬ 
works  with  only  a  single  closed  class,  the  initial  PBH  performamce  measure  esti¬ 
mates  have  the  property  that  their  optimistic  or  pessimistic  character  is 
preserved  by  the  WVA  equations.  Unfortunately,  it  has  not  been  possible  to  find 
a  generally  applicable  estimation  procedure,  and  suitable  definitions  of 
"optimistic"  and  "pessimistic",  for  which  this  property  holds  when  there  are 
multiple  closed  classes.  The  proposed  solution  to  this  problem  is  to  modify  the 
multiple  class  MVA  equations  to  create  equations  that  do  preserve  the  charac¬ 
ter  (under  an  appropriate  definition)  of  initial  performance  measure  estimates. 

These  modifications  are  presented  in  section  one.  Section  two  presents  the 
symbolic  formulation  of  the  algorithm  that  results  when  symbolic  MVA.  rather 
than  MVA,  is  modified  to  provide  the  algorithm  structure.  In  section  three,  the 
computational  cost  of  the  multiple  closed  class  PBH  algorithm  is  determined 
both  for  the  symbolic  eind  the  non-symbolic  formulation.  The  accuracy  of  the 
algorithm  is  treated  in  section  four.  Section  five  contains  a  description  of  an 
error-bounded  approximation  algorithm,  for  which  a  variation  of  the  multiple 
closed  class  PBH  algorithm  provides  error  bounds.  Finally,  in  section  six  the 
algorithm  is  extended  to  cillow  for  load-dependent  service  centers.  The  lemmas 
that  are  required  in  the  body  of  the  chapter  are  proved  in  appendix  4. A. 
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4.1.  Algorithm  Definition 

4.1.1.  Algorithm  Structure 

As  for  queueing  networks  with  only  a  single  closed  class,  for  queueing  net¬ 
works  with  multiple  closed  classes  the  major  step  in  the  MVA  solution  algorithm 
requires  the  solution  of  a  queueing  network  with  no  open  classes.  For  this  rea¬ 
son,  in  much  of  the  development  of  the  multiple  closed  class  PBH  algorithm  it 
can  be  assumed  that  all  classes  are  closed;  this  assumption  will  be  made  except 
when  stated  otherwise. 

For  queueing  networks  with  multiple  closed  classes,  modifications  must  be 
made  to  the  definitions  of  "optimistic"  and  "pessimistic"  performance  measure 
estimates.  These  modifications  are  necessitated  by  the  fact  that,  with  the  sin¬ 
gle  class  definitions,  initial  performance  measure  estimates  that  are  optimistic 
or  pessimistic  for  one  class  need  not  be  similarly  optimistic  or  pessimistic  for 
some  other  class. 

Consider  an  allocation  (distinguished  by  v'  superscripts)  of  non-negative 
mean  queue  length  values  wth  an  associated  heap  for 

eachseC,  such  that  each  (7^)  is  less  than  or  equal  to  rih^iN).  Each  heap  is  a 
queue  length  quantity  that  is  to  be  allocated  to  the  fixed-rate  service  centers, 
but  that  has  not  been  accounted  for  by  the  [n;J^’(i^)]is;ksA'.sEC  values.  For  ex^- 

pie,  if  class  s  does  not  visit  a  delay  service  center,  =  A^s“  2  This 

jfc=i 

mean  queue  length  allocation  is  looser  than  another  mean  queue  length  alloca¬ 
tion  L^te(-^)]i<fci:A'.5ec  an  associated  heap  for  each  seC  (again,  such 

that  each  is  less  than  or  equal  to  71^(7^)).  if  each 

seC  and  service  center  k  {l^k^K).  It  is  heap -optimistic  with  respect  to  the 
other  mean  queue  length  allocation  (but  not  necessarily  with  respect  to  the 
exact  allocation)  if  it  is  looser,  and  if,  for  all  s  eC, 
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t  ^  n}''0)*  t  "t”  (^) 

*  =  l  Jk  =  l 

It  is  heap -pessimistic  with  respect  to  the  other  allocation  if  it  is  looser,  and  if. 
for  all  s  gC, 

n,'"'’(^)+  t  a  TL^“{i^)+  t 

k  =  \  k  =  l 

Intuitively,  a  looser  mean  queue  length  allocation  provides  less  information 
about  the  fixed-rate  service  center  mean  queue  lengths.  A  heap-optimistic 
mean  queue  length  allocation  is  relatively  optimistic  in  its  estimation  of  the 
mean  queue  length  that  has  not  been  accounted  for  by  its  approximate  alloca¬ 
tion.  while  a  heap-pessimistic  allocation  is  relatively  pessimistic  in  this  estima¬ 
tion. 


The  multiple  closed  class  PBH  algorithm  yields  mean  queue  length  alloca¬ 
tions  with  two,  rather  than  only  one,  associated  mean  queue  length  heaps  for 
each  class.  Choosing  the  optimistic  heap  of  each  class,  in  conjunction  with  the 
individual  service  center  mean  queue  length  estimates,  yields  an  allocation 
that  is  heap-optimistic  with  respect  to  the  exact  allocation,  while  the  pessimis¬ 
tic  heaps  yield  a  heap-pessimistic  allocation.  Since  both  optimistic  and  pes¬ 
simistic  properties  are  provided,  only  one  recursive  computation  is  required  to 
yield  both  upper  and  lower  performance  measure  bounds. 


The  equations  used  in  the  non-symbolic  formulation  of  the  PBH  algorithm 
are  modifications  of  those  used  in  MVA.  For  queueing  networks  of  the  type 
being  considered,  the  ^^VA  mean  residence  time  equation  for  service  center  k 
and  class  s  (s  gC)  is 


reC 

From  Little's  equation. 


- —Ns 

Zs+R,{N) 
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■where.  by  definition. 

*=i 

Starting  from  a  population  consisting  of  no  customers,  the  MVA  algorithm 
applies  these  equations  until  the  population  level  of  interest  is  attained. 

Level  i  PBH  bounds  for  population  level  N  {i^N,  where  N=YiK)  are  com- 

reC 

puted  by  choosing  appropriate  estimates  for  the  performance  measures  for  all 
feasible  populations  with  i  fewer  customers,  and  then  applying  modifications  of 
the  MVA  equations  until  population  level  is  attained.  If  i=N,  the  computation 
is  equivalent  to  that  of  MVA.  For  i<N,  the  computational  cost  is  reduced,  but 
approximate  rather  than  exact  performance  measures  are  produced. 

The  computation  of  level  i  PBH  quantities  from  level  i-1  PBH  quantities 
can  be  intuitively  described  as  follows.  Rrst  of  all.  the  MVA  mean  residence 
time  equation  is  applied  to  level  i-1  lower  bounds  on  service  center' mean 
queue  lengths  to  yield  level  i  lower  bounds  on  service  center  mean  residence 
times.  Appropriate  sums  of  the  latter  bounds  yield  mean  system  residence 
time  lower  bounds  for  all  classes.  However,  level  i-1  optimistic  and  pessimistic 
heaps  (lower  and  upper  bounds,  respectively,  on  the  total  of  the  fixed-rate  ser¬ 
vice  center  mean  queue  lengths  not  accounted  for  by  the  mean  queue  length 
lower  bounds)  are  also  available.  These  heaps  are  used  to  increase  each  mean 
system  residence  time  lower  bound  to  yield  a  level  i  upper  bound,  and  a  better 
level  i  lov,rer  bound.  For  example,  an  upper  bound  for  class  s  can  be  obtained 
by  assuming  that  the  pessimistic  heaps  are  due  to  mean  queue  length  underes¬ 
timates  at  a  fixed-rate  service  center  where  class  s  has  its  largest  loading,  thus 
inflating  the  mean  system  residence  time  of  class  s  by  the  largest  amount.  (In 
practice,  the  class  r  pessimistic  heap  is  allocated  to  such  a  service  center  only 
if  the  center  is  visited  by  class  r.)  Finally,  level  i  lower  mean  queue  length 
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bounds,  and  level  i  opLimistic  and  pessimistic  heaps,  are  obtained  by  applying 
Little's  equation  to  the  level  i  residence  time  bounds. 

When  all  classes  visit  a  fixed-rate  service  center  where  class  s  has  its  larg¬ 
est  loading,  for  all  classes  s.  additional  intuition  is  available  regarding  the  com¬ 
putation  of  pessimistic  performance  measures.  If  each  cleiss  has  its  largest 
loading  at  some  common  fixed-rate  service  center,  the  com^putation  is 
equivedent  to  applying  the  unmodified  MVA  equations  from  initial  mean  queue 
length  estimates  that  bottleneck  majorize  the  exact  values,  as  in  the  pessimis¬ 
tic  computation  of  the  single  closed  class  PBH  algorithm.  Otherwise,  the  com¬ 
putation  can  be  viewed  as  operating  on  a  modified  network  in  which  a  hypothet¬ 
ical  fixed-rate  service  center  has  been  added.  Each  class  has  a  loading  at  this 
service  center  identical  to  the  largest  of  its  normal  fixed-rate  service  center 
loadings.  The  computation  is  equivalent  to  applying  to  this  modified  network 
the  unmodified  WA  equations  (from  initial  mean  queue  length  estimates  that 
bottleneck  majorize  the  exact  values),  except  that  the  mean  system  residence 
times  do  not  include  the  service  time  at  the  hypothetical  service  center. 
(Assuming  a  first-come-first-served  service  discipline,  the  mean  system 
residence  times  include  only  the  time  spent  waiting  for  service.) 

Superscripting  level  i  PBH  quantities  by  (i).  the  equations  utilized  by  the 
multiple  closed  class  PBH  algorithm  are 


(4-1) 


reC 


(4-2) 


(4-5) 


(4-3) 


(4-4) 
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and 


K 


where  denotes  a  level  i  optimistic  asymptotic  bound,  13  and  ub 

are  respectively  lower  and  upper  bounds  on  the  average  loading  of  class  s  cus¬ 
tomers  when  encountering  customers  from  the  class  r  heap,  and  the  subscripts 
opt  and  pess  denote  the  mean  queue  length  optimistic  and  pessimistic  heaps, 
respectively,  and  quantities  derived  from  these  heaps.  It  is  proved  in  lemmas 
4.1  and  4.3  of  appendix  4. A  that  the  optimistic  and  pessimistic  properties  of  a 
mean  queue  length  allocation  and  its  associated  heaps  are  preserved  by  these 
equations. 


The  level  i  optimistic  asymptotic  bound  is  derived  by  noting  that  the  utili¬ 
zation  of  each  fixed-rate  service  center  must  be  less  than  or  equal  to  one,  and 
that  the  mean  system  residence  time  of  each  class  s  must  be  greater  than  or 
equal  to  one.  Using  only  the  first  of  these  constraints  results  in 


max 

k 


Nr 


[4+a.'‘’W  r.,Zr+Rf^„,{N) 


=  1 


Solving  for  and  then  adding  the  second  constraint  >delds 


=  max[  max 

k 


1-E 


Nr 


-Li 


'ks 


Zr-^R^%ss{^) 


■Lfcr 


i  1  ] 


(4-7) 


-f-sr  UB  is  chosen  as  the  maximum,  over  the  fixed-rate  service  centers 
visited  by  class  r,  of  the  class  s  loadings.  Note  that  choosing  lb  is 
equivalent  to  choosing  an  allocation  of  the  class  r  heap,  across  the  fixed-rate 
service  centers,  that  is  optimistic  for  class  s.  It  is  clearly  optimistic  to  allocate 
the  entire  class  r  heap  to  a  fixed-rate  service  center  visited  by  class  r  at  which 
class  s  has  its  smallest  loading.  This  choice  makes  lb  the  minimum,  over 
the  fixed-rate  service  centers  visited  by  class  r ,  of  the  class  s  loadings.  For  the 
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initial  estimates  of  the  next  subsection,  however,  additional  information  is 
available.  Suppose  that,  for  some  fixed-rate  service  centers  k  and^‘.  L^<Ljt  for 
all  classes  t.  Theorem  4.1  of  the  next  subsection  then  implies  that  the  initial 
estimates  given  in  that  subsection  produce  a  greater  underestimate  of  the 
mean  queue  length  at  service  center  j  than  at  service  center  k.  This  con¬ 
strains  the  space  of  feasible  optimistic  heap  allocations  by  the  relation  hj  ^ 
where  and  /i*  denote  the  allocations  from  the  optimistic  heaps  to  service 
centers;  and  A:,  respectively. 


The  problem  of  finding  the  most  optimistic  possible  (under  the  constraints) 


allocation  for  a  class  s  is  a  linear  programming  problem,  where 


Jb  =  l 


is  to  be 


minimized.  It  is  easily  shown  that  each  can  be  chosen  as  either  zero  or 
some  common  value  h.  For  suppose  not;  then  let  be  the  service  center 
index  such  that  0=/i.i=  •  •  •  where  the  service 

centers  are  ordered  such  that  their  h^.  values  are  in  increasing  order,  and 

(fib) 

If  — - is  less  than  or  equal  to  -r;""'.'  .  then  an  allocation  at 

'2'  A  + 1 

least  as  optimistic  would  increase  ■  ■  •  ./iy_i  and  decrease  hj.  ■  •  •  .h^  (while 


( i;' 

keeping  the  total  allocation  constant),  until  hj^i=hj.  Similarly,  if  - 


is 


greater  than  or  equal  to  ^  ^  .  then  an  allocation  at  least  as  optimistic 


would  decrease  hj^,-  •  ■  .hj.^  to  zero  and  increase  hj,  ■  ■  ■  .h^.  Note  that  these 
allocation  changes  can  be  performed  without  violating  any  constraints,  imply¬ 
ing  a  contradiction  to  the  assertion  that  the  solution  of  the  allocation  problem 


was  as  given. 

Let  Hs  =  \k  h,c=h\.  where  the  Ai*  values  minimize  (subject  to  the  con- 
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straints)  where  h  is  the  common  nonzero  value.  Then  ig  can 

fc=i 

( 

kcH, 

be  chosen  as  the  maximum  of  — r^. —  and  the  minimum,  over  the  fixed-rate 

I  1 

service  centers  visited  by  class  r ,  of  the  class  s  loadings.  The  sets  Hg,  seC,  can 
be  computed  by  a  linear  program  solution  algorithm,  such  as  the  simplex 
method,  prior  to  choosing  a  bound  level  and  initiating  the  main  PBH  computa¬ 
tion. 


4.1.2.  The  Initial  Estimates 


This  subsection  presents  one  choice  of  appropriate  initial  performance 
measure  estimates. 

The  initial  mean  queue  length  allocation  for  class  s  is  the  loosest  possible: 

=niL°n^)  =  0  l^.k<K  ,(4-8) 

The  chosen  pessimistic  initial  estimate  of  the  class  s  mean  system 

residence  time  uses  an  extension  of  the  pessimistic  bound  b  (N)  to  multiple 
closed  class  queueing  networks; 

where  6s  (i^)  is  defined  by 

6s  (/5')  =  1+E  ‘:r~~T^{^r-^rs)^T  UB 

If  no  class  visits  a  delay  service  center,  the  65 (7^)  values  for  all  seC  can  be 
obtained  directly.  Otherwise,  the  defining  equations  can  be  solved  by  succes¬ 
sive  substitution  (any  number  of  iterations  may  be  used,  depending  on  accu¬ 
racy  requirements),  using  6s(jV)=A^  for  all  seC  as  initializations.  It  is  proved  in 
lemma  4.4  that  this  yields  pessimistic  mean  system  residence  time  bounds. 
Using  equation  (4-6),  the  initial  pessimistic  heap  for  class  s  is  then  given  by 


z,+b,{m 


■N, 


(4-9) 
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The  optimistic  initial  estimate  of  the  class  s  mean  system  residence  time 
uses  the  level  0  asymptotic  bound  given  by  equation  (4-7): 


Using  equation  (4-5).  the  initial  optimistic  heap  for  class  s  is  then  given  by 


n 


«  opt  t 


(4-10) 


The  following  theorem  uses  the  preservation  of  the  optimistic  and  pes¬ 
simistic  properties  of  a  mean  queue  length  allocation  and  its  associated  heaps, 
as  proved  in  lemmas  4.1  and  4.3,  to  establish  a  relationship  between  level  i  and 
level  i  +  1  mean  queue  lengths  computed  by  the  PBH  algorithm.  The  theorem 
also  shows  that,  with  the  initial  estimates  given  here,  the  underestimate  of  the 
mean  queue  length  at  service  center  j  is  greater  than  that  at  service  center  k 
if  Lkt^Ljt  for  all  classes  t ,  implying  that  lb  can  be  computed  using  the  linear 
programming  method  from  the  previous  subsection. 


Theorem  4.1: 

For  seC, 

l^k^K 

lc  =  \  jfc  =  l 

k  =  \  k=l 

and.  if  Lici^Ljt  for  all  feC  (l<fc</r,  l<j<K). 

Proof: 


(4-11) 

(4-12) 

(4-13) 


(4-14) 


From  lemmas  4.1,  4.2.  and  4.3.  it  need  only  be  shown  that,  for  all  popula¬ 
tions  7i  resulting  from  the  removal  oft.  customers, 

ni°)(7l)  <  ni,‘)(7l)  l<k<K 

T^'pWs (tI )  +  ^  (tt ) 

*:  =  !  i:  =  l 
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)+  E  ^  (^)  +  E 

fc=i  fc=i 

and,  if  for  all  ^€C  {l<k<K,  l^j<K), 

n,^K'^ ) -rii^^ ^  nJ-^^Ti ) -njp {rt ) 

These  relations  are  established  by  substituting  in  the  expressions  for  the 
level  0  performance  measures  as  given  by  equations  (4-8)  to  (4-10),  and  the 
level  1  performance  measures  as  obtained  by  applying  the  PBH  equations  given 
in  the  previous  subsection.  -  ■ 

Theorem  4.1  implies  a  nesting  in  the  PBK  bound  hierarchy.  As  i  increases, 
the  mean  queue  length  allocation  becomes  less  loose,  while  the  pessimistic  and 
optimistic  heaps  become  less  pessimistic  and  optimistic,  respectively.  Since 
relations  (4-11)  to  (4-14)  are  transitive,  and  since  the  level  N  performance 
measures  are  exact,  theorem  4.1  also  holds  when  the  level  i  +  1  performance 
measures  in  the  theorem  are  replaced  by  the  exact  values.  In  the  next  subsec¬ 
tion,  this  fact  will  be  used  to  establish  bounds  on  primary  and  secondary  perfor¬ 
mance  measures. 

4.1.3.  The  Bounds  Produced 

Theorem  4.2  summarizes  the  primary  and  secondary  performance  meas¬ 
ure  bounds  that  can  be  derived  from  the  PBH  algorithm.  As  implied  by  theorem 
4.1,  all  bounds  are  nested.  In  the  theorem,  A*  denotes  the  number  of  service 
centers  at  which  the  loading  of  each  class  t  is  greater  than  or  equal  to 
Since  at  least  service  center  k  satisfies  this  condition,  A^^l. 

Theorem  4.2: 


For  N^i>Q,  A4^1,  seC, 


[Primary  Performance  Measures] 
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(4-15) 

(4-16) 

(4-17) 


R^^ssiN)  ^  Rs{N)  ^  Rs%t{S/) 

i'i^\pt{N)  ^  U^{N)  ^  C4*Va«(^) 


[Secondary  Performance  Measures] 


opr(^V)  >  n(;rM)s(^)  ^  pess  (N) 


(4-10) 

(4-19) 


and,  for  i>.l. 


(4-20) 


At  rec 


Proof; 


For  i  =  0,  these  relations  follow  trivially.  Consider  i^l. 

[Primary  Performance  Measures] 

Appl3nne  equations  (4-5)  and  (4-6),  the  lower  and  upper  bounds  in  relation 
(4-15)  are  shown  by  relations  (4-13)  and  (4-12),  respectively,  in  theorem  4.1 
(recalling  that  the  relations  in  theorem  4.1  also  hold  when  the  level  i  +  1  perfor¬ 
mance  measures  are  replaced  by  the  exact  performance  measures).  Relations 
(4-16)  and  (4-17)  then  follow  from  Little’s  equation. 

[Secondary  Performance  Measures] 

Relation  (4-18)  follows  from  relation  (4-16)  and  Little's  equation.  The  lower 
bound  in  relation  (4-19)  follows  from  relation  (4-11)  in  theorem  4.1.  From  rela¬ 
tion  (4-14)  in  theorem  4.1,  it  is  pessimistic,  with  respect  to  the  mean  queue 
length  of  class  s  customers  at  service  center  k,  to  assume  that  each  service 
center  at  which  the  loading  of  each  class  t  is  greater  than  or  equal  to 
receives  an  equal  portion  of  the  class  s  pessimistic  heap,  and  that  all  other  ser- 
'nce  centers  receive  none  of  this  heap.  In  conjunction  with  relation  (4-12),  this 
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establishes  the  upper  bound  in  relation  (4-19).  Applying  equation  (4-1),  relation 
(4-20)  reduces  to 

reC  ^  r^C 

ite  { 1  +  S  nt,  ))  &  ito  ( 1  +  S  )) 

reC  reC 

Subtracting  and  then  dividing  through  by  L^s,  and  separating  the  terms 
corresponding  to  each  class,  results  in  relation  (4-19)  for  i-1  and  This 

establishes  relation  (4-20).  ■ 


Queueing  networks  with  open  customer  classes  are  treated  in  a  similar 
manner  as  in  the  single  closed  class  PBH  algorithm.  The  open  classes  are 
removed,  and  the  loading  of  each  closed  class  at  each  fixed-rate  service  center 

k  is  inflated  by  -- — ^=r7 — r — .  Bounds  on  the  performance  measures  of  each 
1  “  -V 

reO 

closed  class  can  be  obtained  by  applying  the  PBH  algorithm  to  the  resulting 
closed  queueing  network,  and  then  utilizing  theorem  4.2.  The  only  transforma¬ 
tion  of  the  outputs  that  is  required  is  a  deflation  of  the  service  center  utiliza¬ 
tion  bounds.  Theorem  4.3  summarizes  the  bounds  for  each  open  class  that  can 
be  obtained  from  the  performance  measure  bounds  (subscripted  by  UB  and 
LB),  and  the  pessimistic  and  optimistic  heaps  (superscripted  by  pess  and  opt, 
respectively)  for  the  closed  classes. 


Theorem  4.3:  For  each  open  class  s,  and  open  class  arrival  rates  that  maintain 
stability, 

[Primary  Performance  Measures] 


-'ks 


^  1— V ,  „a7v'‘i‘L(^.X)£ 

fc  =  l  -I-  IjUcr^r  rzC  reC 


reO 

*  =  1  -  2-1  -Htr'V  reC  reC 


4 


reO 


(4-21) 
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where  lb  and  rjg  are  defined  exactly  as  for  the  closed  classes  (using  the 
inflated  loadings  for  both  the  open  and  the  closed  classes) 


[Secondary  Performance  Measures] 


rec  2-1  r£C 

reO  reO 


reO 

4, 


Afcs 


^  ^r^{nX)  ^ 

~  2-1  reC  k- 2_,  ^kr^r  reC 


r€0 


reO 


(4-22) 

(4-23) 


Proof: 

These  relations  follow  directly  from  the  correctness  of  the  closed  class 
bounds,  the  definitions  of  yg  and  lb,  and  the  pessimistic  and  optimistic 
nature  of  the  pessimistic  and  optimistic  heaps,  respectively.  • 


4.1.4.  An  Example 

Table  4.1  gives  the  loadings  of  an  example  queueing  network.  The  queueing 
network  has  three  classes,  which  can  be  interpreted  as  representing  a  transac¬ 
tion  workload  (class  T),  a  batch  workload  (class  B),  and  an  interactive  terminal 
user  workload  (class  I).  To  illustrate  the  differences  in  the  loading  magnitudes 
that  may  be  present  among  these  classes,  the  time  unit  chosen  is  the  same  for 
each  class.  The  results  of  the  analysis  of  this  queueing  network,  however,  are 
presented  using  the  time  unit  choice  for  each  class  that  yields  fixed-rate  ser¬ 
vice  center  loadings  of  the  class  that  sum  to  unity.  To  obtain  class  s  bounds  in 
the  original  time  units,  the  class  s  mean  system  residence  time  bounds  must 
be  multiplied  by  the  sum  of  the  class  s  fixed-rate  service  center  loadings,  while 
the  class  s  system  throughput  bounds  must  be  divided  by  this  sum.  (Utilization 
and  mean  queue  length  bounds  require  no  adjustment.) 

Table  4.2  gives  level  5  PBH  bounds  for  a  class  T  arrival  rate  of  .1,  a  popula¬ 
tion  of  3  class  B  customers,  and  a  population  of  35  class  I  customers.  Bounds 
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Fixed-rate  Service  Center  Loadings 

Class 

1 

2 

3 

4 

5 

6 

7 

8 

T 

5.0 

4.0 

3.4 

3.2 

1.6 

1.2 

1.0 

.6 

B 

100.0 

50.0 

130.0 

30.0 

170.0 

190.0 

250.0 

160.0 

I 

8.0 

4.0 

2.0 

10.0 

2.4 

6.8 

5.6 

1.2 

Delay  Service  Center  Loading  of  class  /:  1200 

An  fbcample  Queueing  Network 
Table  4. 1 

have  been  shown  on  the  system  throughputs  of  classes  B  and  I  (note  that  the 
system  throughput  of  class  T  is  by  assumption  equal  to  its  arrival  rate,  which  is 
a  given  quantity),  the  mean  system  residence  time  of  each  class,  the  utiliza¬ 
tions  by  classes  B  and  I  and  the  total  utilization  at  each  fixed-rate  service 
center,  and  the  mean  queue  length  of  each  class  at  each  fixed-rate  service 
center. 

The  bounds  shown  in  table  4.2  were  computed  with  ib  chosen  as  the 
minimum,  over  the  fixed-rate  service  centers  visited  by  class  r,  of  the  class  s 
loadings.  This  choice  was  made  primarily  to  provide  consistency  with  the  algo¬ 
rithm  accuracy  tests  in  section  4.4.  (See  that  section  for  the  motivation  behind 
making  this  choice.)  If  ib  is  chosen  using  the  linear  programming  method, 
the  mean  system  residence  time  lower  bounds,  and  the  bounds  derived  from 
them  (utilization  upper  bounds,  for  example),  are  improved.  In  this  example, 
the  improvements  are  only  marginal;  for  example,  the  lower  bound  on  the  class 
I  mean  system  residence  time  improves  from  2.73  to  2.78. 

In  figure  4.1,  PBH  bounds  on  the  class  /  system  throughput  and  mean  sys¬ 
tem  residence  time  are  shown  over  a  range  of  class  I  workload  intensities,  with 
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System  Throughout  Bounds 

Class  B 

Class  / 

UoDer 

Exact 

Lower 

Upper 

Exact  i  Lower 

1.48 

1.44 

1.39 

1.07 

1.06  i  1.06 

Mean  System  Residence  Time  Bounds 

Class  T  ! 

Class  B 

- 

Class  I 

Upper  I  Exact  !  Lower  1  Upper 

Exact 

Lower  1  Upper 

Exact  1  Lower 

;  3.24  !  3.09  i  2.97  2.16 

2.08 

2,03  !  3.09 

2.90  2.73 

Fixed-Rate  Service  Center  Utillzatioi-'.  Bounds 

Sen/ice 

1  Center 

Class  B 

Class  / 

Total  oyer  all  classes 

Upper 

Exact 

Lower 

Upper 

Exact 

Lov^er 

Upper 

Exact 

Lower 

1  1 

.14 

.13 

.13 

.21 

.21 

.21 

.85 

.85 

.84 

1  2 

.07 

.07 

.06 

.11 

.11 

.11 

.58 

.57 

.57 

3 

.18 

.17 

.17 

.05 

.05 

.05 

.57 

.57 

.56 

1  .1 

04 

.04 

.04 

.27 

.27 

.25 

.63 

.63 

62 

5 

.23 

.23 

.22 

.06 

.06 

.03 

.46 

.45 

.44 

6 

.26 

.25 

.24 

.18 

.18 

.13 

.56 

.55 

.54 

7 

.34 

.33 

.32 

.15 

.15 

.15 

.59 

.58 

.57 

'  8 

.22 

,21 

.21 

03 

.03 

.03 

.31 

.31 

.30 

Fixed-Rate  Seryice  Center  Mean  Queue  Lengt. 

h  Bounds 

I  Service 

Class  T 

Class  B 

Class  1 

!  Center 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

1 

3.20 

2.82 

2.62 

.77 

.65 

.53 

1.43 

1.17 

1.03 

2 

1.05 

.93 

.92 

.20 

.15 

.14 

.37 

25 

.24 

3 

.82 

.76 

.75 

.38 

.35 

.31 

.21 

.12 

.12 

4 

.96 

.84 

.83 

.19 

.10 

.10 

.86 

.69 

.67 

5 

.31 

.28 

.28 

.41 

.36 

.35 

.24 

.11 

.11 

6 

.32 

.25 

.25 

.63 

.48 

.45 

.75 

.38 

.36 

7 

.27 

.22 

.21 

.77 

.62 

.59 

.70 

.32 

.30 

8 

.09 

.08 

.08 

.30 

.28 

.27 

.11 

.05 

.04 

Level  5  PBH  Bounds  for  an  Exaimple  Queueing  Network 

Table  4.2 
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PBH  Bovinds  on  Class  /  System  Throughput  and  Mean  System  Residence  Time 

Plgure  4. 1 
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the  workload  intensities  of  classes  T  and  B  remaining  fixed  at  an  arrival  rate  of 
.1  cind  a  population  of  3,  respectively,  ib  ‘'^as  chosen  as  for  table  4.2. 


4.2.  Symbolic  Formulation 

Yiith  the  single  closed  class  PBH  algorithm,  the  performance  measure 
values  computed  by  the  symbolic  formulation  are  the  same  as  those  computed 
by  the  non-symbolic  formulation.  This  is  not  always  the  case  with  the  multiple 
closed  class  PBH  algorithm.  For  computational  efficiency  reasons,  in  the  sym¬ 
bolic  formulation  the  rjg  values  must  be  chosen  to  be  independent  of  r.  The 
choice  made  for  each  class  s,  denoted  by  L^' ub,  is  the  maximum  of  the  class  s 
fixed-rate  service  center  loadings.  (This  value  differs  from  <jb,  as  chosen  in 
the  non-symbolic  formulation,  only  if  class  r  customers  do  not  visit  the  fixed- 
rate  service  center  with  the  largest  class  s  loading.)  Also,  again  for  computa¬ 
tional  efficiency  reasons,  the  symbolic  formulation  does  not  utilize  the  asymp¬ 
totic  bounds  until  the  final  performance  measures  are  computed  at  the 

end  of  the  computation,  in  particular,  R^^opti^)  is  simply  taken  as  1.  (This 
modification  can  also  be  applied  to  significantly  reduce  the  computational 
expense  of  the  non-symbolic  formulation.) 

The  symbolic  formulation  of  the  multiple  closed  class  PBH  algorithm  is 
based  on  a  modification  of  symbolic  MVA.  For  queueing  networks  of  the  type 
being  treated,  symbolic  MYA  computes  W'(7t,[si,  ■  •  •  .Sp])  queintities  using  (equa¬ 
tion  (2-3)) 


■  ,^p))  =  -  ]>  ^  a  ) 

,[r]) 


v  =  l 


where  W'(7^.[si.  •  ■  ■  ,Sp])  is  defined  by 

*  =  1  J-l  7=1  fc  =  l  g^l  g^L 

Secondary  performarice  measures  are  computed  for  each  fixed-rate  service 
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center  k  of  interest  using  (equation  (2-4)) 


j,=i  +  .[r]) 


»=i 


where  F)((.(7t,[si,  •  •  •  .s^])  is  defined  by 


fK^(7l,[si.  •  •  •  .Sp])  =  {flLks  )Ek{'^-t,Ss  )  =  (n-^taJ^fcsj(^-S^sJ  l<L^p 

9=1  ?=i  g^l  g^l 

The  s)TTibolic  formulation  of  the  multiple  closed  class  PBH  algorithm  com¬ 
putes  (^ •  [^  1 . s'n])  quantities,  where,  for  j>l.  l<Z<p. 


K 


■  ■  ■  ,sjj)  =  + 

*  =  1  " 

(  il  4*  ^Jb)  S  “  £  ^Sa) 


^  .  pass  >  --- 

3=1  reC  3  =  1 


(4-24) 

Using  the  defining  equations  of  the  non-s5rmbolic  formulation,  it  can  be  verified 
that  Wffss{^.[^])-K%ss0)<  and  that.  for;>l. 


^ - K-S5rs.)  (4-25) 

^^2r+^p^ss^^(7^-£  ^s..[7-]) 


3  =  1 


From  the  initial  performance  measure  estimates  of  the  previous  section,  and 
equation  (4-24), 


•  •  •  .Sp])=i‘“‘"  "''''+{f[Z4  .;b)S 


g=i 


•('V-i;<5.pJ(4-26) 


3  =  1 


'"^Zr  +  bria-^^s.) 

3  =  1 

4^^688  v-^)  values  are  obtained  from  the  ^p^ess(-^-[sl)  values,  which  are 
recursively  computed  starting  from  FK^^)(7t,[si,  •  •  ■  ,Sp])  quantities  such  that 

^  (.Vr~(’V~£  <5rs  ))  =  i.  From  equations  (4-3)  to  (4-6), 
rcc  3=1  ' 

fc=l  reC 

S  - N, 

k=l 


Zs  +  Rs%ss{N) 


and 
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//^)  =  _ L££ - yv 

These  equations  can  be  used,  In  conjunction  with  equation  (4-2)  (ignoring  the 
aj^^N)  bounds  until  the  final  step)  and  equation  (4-5),  to  recursively  compute 
for  all  seC  during  the  computation  of  the  R^^^assi^)  values. 

and  therefore  n*S^(j^).  can  be  computed  recursively,  for  all  classes 
s  and  each  fixed-rate  service  center  A:  of  interest,  using,  for  ^>1, 

■  ■  ■  .s,])  =  f[4.,  ^  V  K-f; (4-27) 


s=l 


where,  for 


fyiJ)(^,[si,  •  •  •  ,sp]  = 

9*1  '  9*1  “ 

Fromi  the  initial  performance  measure  estimates  of  the  previous  section. 


lKi‘)(7t,[si,  •  •  ■  ,Sp])  =  fiLfcs 

?  =  i 

The  symbolic  formulation  of  the  multiple  closed  class  PBH  algorithm  has 
both  advantages  and  disadvantages  in  comparison  to  the  non-S3nnbolic  formula¬ 
tion;  many  of  these  eire  qualitatively  the  same  as  with  the  single  closed  class 
PBH  algorithm.  In  the  next  section,  the  computational  cost  of  both  formula¬ 
tions  will  be  examined  in  detail. 


4.3.  CompuLational  Cost 

Table  4.3  summarizes  results  concerning  the  computational  complexity  of 
both  the  symbolic  and  the  non-symbolic  formulations  of  the  PBH  algorithm. 
The  quantities  given  are  the  dominant  terms  in  the  space  and  time  complexi¬ 
ties  of  computing  level  i  bounds  for  population  level  A^,  assuming  that  Nr^  for 
all  reC.  The  cost  of  the  linear  programming  solution  for  the  values  has 
not  been  included  here,  as  it  is  assumed  to  be  dominated  by  the  other  computa¬ 
tional  requirements  of  the  algorithm.  (If  this  is  not  the  case,  ig  can  be 
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simply  chosen  as  the  minimum,  over  the  fixed-rate  service  centers  visited  by 
class  r,  of  the  values.)  For  MVA,  the  corresponding  complexities  are 
4^"!  C]  P]^(iVi.  +  l)  for  time,  and  K\C\  ^  (-^r  +  l)  for  space,  where  majc  denotes 

reC  r*max 

the  class  with  the  largest  population. 


Non-svmbolic 

Symbolic  

Time 

j=i  •> 

Space 

pi  Cl+i-1' 

k  -  number  of  fixed-rate  service  centers  for  which 
secondary  performance  measures  are  required 

The  Computational  Cost  of  the  Multiple  Closed  Qass  PBH  Algorithm 

Table  4.3 


The  quantities  given  in  table  4.3  for  the  non-symbolic  formulation  are 
derived  directly  from  the  space  complexity  {K\C\)  and  time  complexity 
(diTl  C|)  of  an  application  of  the  modified  MVA  equations.  (This  time  complexity 
is  ZK\  C\  higher  than  that  for  the  unmodified  equations  due  to  the  asymptotic 
bound  computations.)  Results  for  the  symbolic  formulation  are  based  on  a  com¬ 
putational  approach  similar  to  that  used  for  the  symbolic  formulation  of  the 
single  closed  class  PBH  algorithm.  ^^eL(^.[s])  values  are  calculated  recur¬ 
sively,  starting  from  i ■  ’  ’  '  .^jj])  values  such  that 

2  (7Vr-(77T-^  (5^.5  ))=i.  At  a  typical  step,  all  •  '  '  .^p])  values  (for 

rec  g=\  ” 

some  j^i)  such  that  X!  “(^V"  S  ))='i-J +1,  are  computed  from  all 

reC  g=l  ’ 
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•  •  •  .^g])  values  such  that  X!  £  <5rt  ))=t-; +2,  There  are 

reC  ^=1 

^yi«ss('’^'[su  ■  ■  ■  '^p])  values  to  calculate  for  each  value  of 
j.  which  is  of  the  order  of  p  •  Each  of  these  requires  on  the  order  of 

Z\C\  operations,  once  the  necessary  quantities  have  been  computed 

(which  require  an  additional  order  21^  operations). 

If  bounds  at  multiple  bound  hierarchy  levels  are  to  be  computed,  or  bounds 
for  the  same  queueing  network  with  different  population  levels,  the  symbolic 
formulation  of  the  algorithm  does  not  have  to  repeat  the  computation 

represented  by  the  2Aj'  ^  time  complexity  term,  while  the  non-symbolic 

formulation  must  repeat  everything.  However,  as  the  number  of  customer 
classes  increases,  so  does  the  computational  cost  of  the  symbolic  formulation 
relative  to  the  non-symbolic  formulation.  The  symbolic  formulation  is  likely 
best  applied  to  queueing  networks  with  only  a  few  classes  and  many  service 
centers,  when  secondary  performance  measure  bounds  are  not  required. 


4.4.  Algorithm  Accuracy 

The  accuracy  of  the  multiple  closed  class  PBH  algorithm  has  been  studied 
by  applying  the  algorithm  to  72  test  queueing  networks.  Only  closed  queueing 
networks  were  chosen,  since  the  accuracy  of  the  algorithm  when  applied  to  net¬ 
works  with  open  classes  depends  on  the  accuracy  of  the  algorithm  when  applied 
to  the  closed  networks  that  must  be  analyzed  to  obtain  the  performance  meas¬ 
ures  of  the  closed  classes. 

One  third  of  the  queueing  netv/orks  had  2  classes,  one  third  had  4  classes, 
and  the  remaining  third  had  6  classes.  One  half  of  the  classes  of  each  queueing 
network  visited  a  delay  service  center  with  loading  20.  and  can  be  thought  of  as 
modelling  interactive  terminal  user  workloads.  The  remaining  classes  can  be 
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thought  of  as  modelling  batch  workloads. 

One  half  of  the  queueing  networks  had  10  fixed-rate  service  centers,  and 
the  others  had  20.  The  fixed-rate  service  center  loadings  of  each  class  were 
chosen  independently  of  the  choices  for  each  other  class,  by  the  same  method 
that  was  used  when  constructing  the  test  queueing  networks  for  the  single 
closed  class  PBH  algorithm.  Each  loading  was  derived  by  sampling  from  a  uni¬ 
form  distribution  between  0  and  1  using  a  pseudo-random  number  generator, 
and  then  raising  the  result  to  a  power  p.  Finally,  the  fixed-rate  service  center 
loadings  of  each  class  were  normalized  so  that  they  summed  to  one.  One  third 
of  the  queueing  networks  were  constructed  using  ap  value  of  .5  for  each  class, 
one  third  using  ap  value  of  1,  and  the  remaining  third  using  ap  value  of  2. 

Each  queueing  network  was  analyzed  with  nine  different  population  levels. 
The  total  number  of  customers  in  the  classes  modelling  interactive  workloads 
was  chosen  as  either  20.  50  or  80,  while  the  total  number  of  customers  in  the 
batch  workload  classes  was  chosen  as  either  3,  6  or  9.  Customers  were  divided 
evenly  (except  as  constrained  by  a  desire  for  integral  population  sizes)  among 
the  classes  of  each  t3q)e. 

Level  1,  3,  5  and  7  bounds  were  computed  for  each  queueing  network  and 
each  population  level.  These  bounds  were  computed  with  each  ib  value 
chosen  as  the  minimum,  over  the  fixed-rate  service  centers  visited  by  class  r, 
of  the  class  s  loadings.  The  major  reason  for  not  utilizing  the  lb  values  that 
can  be  obtained  by  the  linear  programming  method  concerns  the  nature  of  the 
chosen  test  queueing  networks.  The  linear  programming  solution  for  the  Lsr  lb 
values  is  useful  only  when  there  is  a  correlation  among  the  loadings  of  the  vari¬ 
ous  classes  (for  example,  a  common  bottleneck  exists).  In  the  most  extreme 
case,  if  the  ordering  of  fixed-rate  service  centers  from  that  with  the  highest  to 
that  with  the  lowest  class  s  loading  is  the  same  for  each  class  -s,  then  the  linear 
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programming  solution  for  as  is  the  average,  rather  than  the  minimum, 
fixed-rate  service  center  loading  of  class  s.  Since  the  test  queueing  networks 
lack  any  such  correlation,  the  ib  values  obtained  by  the  linear  programming 
method  would  not  be  significantly  better  them  the  simple  values  chosen  here.  If 
the  test  queueing  networks  had  such  a  correlation,  our  results  would  be 
significantly  improved,  partly  due  to  the  improved  ig  values  that  would  then 
be  possible,  and  partly  due  to  a  diminished  sensitivity  to  the  value  of  p  (see  the 
discussion  on  this  sensitivity  that  follows  in  this  section). 

Over  each  chosen  grouping  of  tests,  the  maximum  and  the  average  maxi¬ 
mal  errors  for  system  throughput  and  mean  system  residence  time  were  com¬ 
puted  for  each  bound  level  Each  average  was  computed  by  first  averaging  the 
errors  over  all  of  the  classes  of  each  queueing  network,  and  then  averaging  over 
networks.  Each  maximum  was  computed  by  first  finding  the  maximum  error 
over  all  of  the  classes  of  each  network,  and  then  taking  the  maximum  over  net¬ 
works.  The  outputs  from  analyzing  several  of  the  test  queueing  networks  were 
examined  in  full.  With  each  of  these  networks,  the  mean  system  residence  time 
errors  for  the  various  classes  differed  by  less  than  3  percent.  This  implies  that 
taking  the  maximum  mean  system  residence  time  error  over  all  of  the  classes 
of  each  network,  and  then  averaging  over  networks,  would  yield  results  similar 
to  the  computed  average  errors.  Similarly,  averaging  the  mean  system 
residence  time  errors  over  all  of  the  classes  of  each  network,  and  then  taking 
the  meiximum  over  networks,  would  yield  results  similar  to  the  computed  max¬ 
imum  errors.  The  same  statements  cannot  be  made  for  the  system  throughput 
errors,  since  these  errors  are  highly  dependent  on  the  delay  service  center 
loading  of  the  class  under  consideration.  (Note,  however,  that  the  system 
throughput  error  for  a  class  is  always  bounded  from  above  by  the  mean  system 
residence  time  error  for  the  class  ) 
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Table  4.4  summarizes  the  results  for  the  648  combinations  of  queueing 
network  and  population  level.  Although  the  average  maximal  errors  are  accept¬ 
able,  the  maximum  maximal  errors  are  quite  high.  The  size  of  this  variation  in 
algorithm  accuracy  can  be  accounted  for  by  the  results  of  table  4.9,  which  show 
the  sensitivity  of  the  multiple  closed  class  PBH  algorithm  to  the  value  of  p  that 
was  used  in  generating  the  fixed-rate  service  center  loadings.  For  p  values  of  .5 
or  1,  quite  acceptable  accuracy  is  obtained.  For  a  p  value  of  2,  however,  the 
algorithm  accuracy  is  quite  poor. 

This  can  best  be  explained  by  considering  the  algorithm’s  symbolic  formu¬ 
lation.  The  symbolic  formulation  uses  the  unmodified  symbolic  MVA  equation 
(equation  (4-25))  for  the  computation  of  the  values,  implying  that  the 

only  error  in  these  values  (and  therefore  in  the  system  throughput  lower 
bounds  and  mean  system  residence  time  upper  bounds)  is  due  to  errors  in  the 
initial  estimates  (equation  (4-26)).  High  values  of  p,  in  conjunction  with  the 
lack  of  any  correlation  among  the  fixed-rate  service  center  loadings  of  the  vari¬ 
ous  classes,  tend  to  diminish  values  and  increase  i/b  values, 

?=i  " 

magmfying  the  effect  of  initial  estimate  errors.  This  sensitivity  top  diminishes 
significantly  when  there  are  strong  correlations  among  the  loadings. 

Tables  4.5  to  4.8,  like  table  4.9,  consider  only  the  level  5  bounds.  Table  4.5 
shows  that  the  average  and  maximum  of  the  maximal  errors  for  both  system 
throughput  and  mean  system  residence  time  increase  slightly  as  the  number  of 
customer  classes  increases.  Tables  4.6  to  4.8  show  that  the  average  and  max¬ 
imum  maximal  errors  increase  as  the  queueing  network  becomes  more  cong¬ 
ested.  This  last  effect  is  quite  significant,  and  can  again  be  explained  by  consid¬ 
ering  the  algorithm’s  symbolic  formulation.  As  the  queueing  network  popula¬ 
tion  increases,  the  summation  in  the  second  term  in  equation  (4-26)  increases. 
This  magnifies  the  effect  of  the  errors  induced  by  the  pessimistic  heap 
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Bound 

Maximal  Errors  (%) 

Level 

Aver. 

.Max. 

X:(.^)  Aver. 

)C(I^)  Max. 

1 

36.7 

88.4 

19.2 

85.4 

3 

17.4 

81.3 

9.2 

81.3 

5 

10.7 

79.8 

5.7 

79.8 

7 

7.6 

79.1 

4.1 

79.1 

Mavimal  Errors  for  a  Range  of  Bound  Levels 

Table  4.4 


Number 

of 

Classes 

Maximal  Errors  (Level  5  Bounds)  (%) 

FLil^)  .Aver. 

RAI^)  .Max. 

X(./^l.Aver. 

Z.(I^)  Max. 

2 

8.4 

62.0 

4.4 

62.0 

4 

11.6 

69.8 

6.3 

69.8 

6 

12.1 

79.8 

6.5 

79.8 

Maximal  Errors  for  Various  Numbers  of  Closed  Classes 

Table  4.5 


Number 
of  Fixed-Rate 
Service  Centers 

Maximal  Errors  (Level  5  Bounds)  (%) 

FL(fl)  .Aver. 

R(I^)  Max. 

X.(fl)  Aver. 

Max. 

10 

20 

16.9 

4.4 

79.8 

46.9 

9.2 

2.2 

79.8 

35.2 

Maximal  Errors  for  two  Different  Queueing  Network  Sizes 

Table  4.6 


-  107- 


Interactive 

Workload 

Intensity 

Maximal  Errors  (Level  5  Bounds)  (%) 

Aver. 

R.  Max. 

Aver, 

Max. 

20 

3.6 

42,2 

1,6 

32,4 

50 

10.0 

63.6 

5.1 

61.7 

80 

10.4 

79.8 

10.4 

79.8 

Maximal  Errors  for  a  Range  of  Total  Interactive  Workload  Intensities 

Table  4.7 


Batch 

Workload 

Intensity 

Maximal  Errors  (Level  5  Bounds) 

(%) 

KiK^)  Aver. 

Kil^)  Max. 

X(.'^)  Aver. 

X(/:0  Max. 

3 

6.3 

74.1 

3,4 

74.1 

6 

10,7 

77.6 

5.7 

77.6 

9 

15.1 

79.8 

8.0 

79.8 

Maximal  Errors  for  a  Range  of  Total  Batch  Workload  Intensities 

Table  4.8 


Loading 
Skewness 
(value  of  o') 

Maximal  Errors  (Level  5  Bounds)  (%) 

R.(ff)  Aver, 

Kil^)  Max, 

Aver, 

XJ!^)  Max. 

0.5 

3,0 

22.9 

1,6 

19.9 

1.0 

0.4 

48.5 

4.3 

46.5 

2.0 

20  6 

79,0 

11,2 

79,8 

Maximal  Errors  for  a  Range  of  p  Values 

Table  4.9 
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edlocation,  which  is  reflected  in 


this  equation  by  the  factor  of 


In  summary,  the  PBH  algorithm  was  of  acceptable  accuracy  for  most  of  the 
test  queueing;  networks.  However,  for  some  of  the  networks  the  accuracy  was 
quite  poor.  The  following  queueing  network  characteristics  were  found  to  be 
important  in  determining  the  algorithm  accuracy;  (1)  the  degree  of  correlation 
among  the  loadings  of  the  various  classes  (the  more  dissimilar  the  classes  are, 
the  larger  the  errors):  (2)  the  skewness  of  the  loadings  (the  greater  the  skew¬ 
ness  of  the  service  center  loadings  of  a  class,  the  larger  the  errors);  and  (3)  the 
degree  of  congestion  in  the  queueing  network  (the  greater  the  congestion,  the 
larger  the  errors). 


4.5.  An  Error-Bounded  Approximation  Algorithm 
4.5.1.  Motivation 

In  an  error-bounded  approximation  algorithm,  a  major  portion  of  the  com¬ 
putational  effort  is  expended  on  point  estimates.  Bounds  on  the  point  estimate 
errors,  if  desired,  can  be  provided  after  the  point  estimates  have  been  obtained. 
The  major  advantages  of  such  an  algorithm  are,  first  of  all,  the  greater  point 
estimate  accuracy  it  typically  attains  (with  respect  to  a  bounding  algorithm), 
and.  secondly,  the  fact  that  error  bounds  ore  optional.  If  a  number  of  similar 
queueing  networks  are  being  analyzed,  the  assumption  can  be  made  that  the 
point  estimate  error  bounds  for  each  network  are  similar,  allowing  the  compu¬ 
tational  expense  to  be  reduced  by  only  computing  error  bounds  for  the  net¬ 
works  of  most  interest. 

In  this  section,  an  error-bounded  approximation  algorithm  based  on  MVA  is 
presented.  The  point  estimates  produced  (and  the  exact  solution)  can  be 
bounded  by  the  multiple  closed  class  PBH  algorithm,  as  modified  by  removing 
from  consideration  the  asymptotic  bounds  Given  a  point  estimate  A,  a 
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lower  bound  L,  and  an  upper  bound  U  [L-^A^U),  the  magnitude  of  the  percent 

relative  error  in^l  can  be  bounded  by  ^  *'100%,  ^  rf'  *100%). 

1j  u 


4.5.8.  Algorithm  Structure 

For  the  multiple  closed  class  PBH  algorithm,  it  was  necessary  to  modify 
the  MVA  equations.  If  these  equations  are  not  modified,  the  performance  meas¬ 
ure  estimates  produced  are  more  accurate,  although  their  relationship  to  the 
exact  performance  measures  is  unknown.  The  error-bounded  approximation 
algorithm  that  is  suggested  here  is  based  on  the  use  of  the  unmodified  MVA 
equations.  As  usual,  only  closed  queueing  networks  need  be  explicitly  con¬ 
sidered  when  describing  the  algorithm  structure. 

Subscripting  approximate  values  by  ajypr,  the  level  i  approximations  (i^l) 
are  defined  by,  for  each  s  eC, 


reC 


l^k^K 


and 


=  t  l^M\ppr0) 

k  =  l 

The  initial  performance  measure  estimates  (level  0  approximations)  are  chosen 
so  that  they  are  bounded  by  the  initial  estimates  of  the  multiple  closed  class 
PBH  algorithm,  and  so  that  oppr(-^)-^;s°oppr(j'^)  if  for  all  t  eC 

One  suitable  choice  of  initial  estimates  sets  Rg^Uppri^)  to  the 
harmonic  mean  of  c^nd  (which  were  chosen  in  subsection 

4.1.2  as  bs(^)  and  respectively),  for  all  seC.  The  mean  system 

residence  time  estimate  for  each  class  s  is  divided  among  the  fixed-rate  service 
centers  in  direct  proportion  to  the  class  s  loadings.  Little’s  equation  is  then 
used  to  compute  the  initial  mean  queue  lengths. 
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When  the  asymptotic  bounds  are  not  utilized  in  the  multiple  closed  class 
PBH  algorithm,  setting  the  initial  heaps  to  zero  results  in  a  computation  identi¬ 
cal  to  that  when  using  the  unmodified  MVA  equations  (as  can  be  verified  from 
equations  (4-1)  to  (4-6)).  For  the  purposes  of  showing  that  the  level  i  approxi¬ 
mations  produced  by  the  error-bounded  approximation  algorithm  are  bounded 
by  the  level  i  bounds  yielded  by  the  PBH  algorithm,  the  error-bounded  approxi¬ 
mation  algorithm  can  be  thought  of  as  using  the  PBH  algorithm  equations  (with 
the  bounds  removed  from  consideration),  with  initial  heap  estimates  of 

zero.  The  claim  then  follows  from  the  choice  of  initial  estimates  in  the  error- 
bounded  approximation  algorithm  and  the  PBH  algorithm,  lemmas  4.1  to  4.3 
(where  lemma  4.3  is  modified  to  reflect  the  removal  of  the  bounds,  and 

the  primed  quantities  are  taken  as  those  of  the  error-bounded  approximation 
algorithm),  and  theorem  4.2  (where  the  exact  performance  measures  eire 
replaced  by  those  of  the  error-bounded  approximation  algorithm). 

4.5.3.  An  Example 

Table  4.10  gives  level  2  and  level  5  approximations  for  the  example  queue¬ 
ing  network  of  table  4.1.  for  a  class  T  arrival  rate  of  .1.  a  population  of  3  class  B 
customers,  and  a  population  of  35  class  /  customers.  As  in  table  4.2.  the  perfor¬ 
mance  measures  considered  are  the  mean  system  residence  time  of  each  class 
and  the  system  throughputs  of  classes  B  and  1  (with  time  unit  choice  such  that 
the  sum  of  the  fixed-rate  service  center  loadings  of  each  class  equals  one),  the 
utilizations  by  classes  B  and  /  and  the  total  utilization  of  each  fixed-rate  ser¬ 
vice  center,  and  the  mean  queue  length  of  each  class  at  each  fixed-rate  service 
center.  The  initial  estimates  used  were  those  suggested  in  the  previous  subsec¬ 


tion. 
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 System  Throughout  Approximations 

Class  B 

Class  / 

Level  2  Level  5 

Exact 

Level  2 

Level  5 

Exact 

1.46  1  1.44 

1.44 

1.07 

1.06 

1.06 

Mean  System  Residence  Time  Aonroximations 

Class  T 

Class  B 

Class  / 

Level  2 

Level  5 

Exact 

Level  2 

Level  5 

Exact 

Level  2 

Level  5 

Exact 

3.00 

3.08 

3,09 

2.05 

2.08 

2.08 

2.75 

2.88 

2.90 

Fixed-Rate  Service  Center  Utilization  Approximations 


Service 

Center 

Class  B 

Class  / 

Total  over  all  classes 

Level 

2 

Level 

5 

Exact 

Level 

2 

Level 

5 

Exact 

Level 

2 

Level 

5 

Exact 

]. 

.14 

.13 

.  1  o 

.21 

.21 

.21 

.85 

.85 

.85 

2 

.07 

.07 

.07 

.11 

.11 

.11 

,57 

.57 

.57 

3 

.18 

.17 

.17 

.05 

.05 

.05 

.57 

.57 

.57 

4 

.04 

.04 

.04 

.27 

.27 

.27 

.63 

.63 

,63 

5 

.23 

.23 

.23 

.06 

.06 

.06 

.45 

.45 

,45 

6 

.26 

.25 

.25 

.18 

.18 

.18 

.56 

.55 

.55 

7 

.34 

.33 

.33 

,15 

.15 

.15 

.59 

.58 

.  .58 

8 

.22 

.21 

.21 

.03 

.03 

.03 

.31 

.31 

.31 

Level  2  and  Level  5  Appa’oxiniations  for  an  Example  Queueing  Network 

Table  4.10 
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4.6.  Modifications  to  Allow  Load  Dep>endence 

The  MVA  algorithm,  and  therefore  an  appropriate  modification  of  the  PBH 
algorithm,  can  also  be  applied  to  queueing  networks  containing  load-dependent 
service  centers  (at  which  both  the  service  rate  received  by  each  customer  and 
the  total  service  rate  vary  with  the  queue  composition).  This  section  treats  a 
common  type  of  load-dependent  service  center  that  is  characterized  by  a  total 
service  rats  that  depends  only  on  the  total  number  of  customers  (regardless  of 
class)  that  are  present.  Only  closed  queueing  networks  will  be  considered;  for 
queueing  networks  with  open  classes,  the  closed  class  performance  measures 
can  be  obtained  by  solving  a  closed  network  in  which  the  open  classes  have 
been  removed  (in  a  similar  fashion  as  for  queueing  networks  with  only  fixed- 
rate  and  delay  service  centers),  although  it  is  somewhat  more  complicated  to 
then  obtain  the  open  class  performance  measures  from  this  solution  [Sauer 
83], 

The  only  modification  to  the  equations  that  is  necessitated  by  the 
presence  of  load-dependent  service  centers  is  the  addition  of  special  equations 
to  compute  the  mean  residence  times  at  these  service  centers.  The  mean 
residence  time  equation  for  a  load-dependent  service  center  k  and  a  class  s  is 

(l+I]^fcr(^-^s))  +  £  (4s(^)-4s(Cfc)^)P*(7n-li/^-^s) 
reC  m  =  l 

where 

Pfc(^l^)=  Yj^kr{T^)K{R)Pk{'m-l\N-^T)  l<77l<Cjfc-2 
reC 

and,  for  any  r€C  such  that  Nr^l, 

Pit  (01/^)  =p;fc(o|;^-gO— 

In  these  equations,  denotes  the  capacity  of  service  center  k  (the  toted  ser¬ 
vice  rate  is  constant  when  c^  or  more  customers  are  present),  pj^{m\N) 
denotes  the  probability  that  m  customers  are  present  at  service  center  k,  and 
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the  superscript  -k  denotes  performance  measures  for  the  queueing  network 
with  service  center  k  removed. 


Due  to  the  expression  used  for  p*;  (0 1 7^).  the  MVA  algorithm  must  also  com¬ 
pute  the  performance  measures  for  each  of  the  queueing  networks  resulting 
from  the  removal  of  a  load-dependent  service  center.  Each  of  these  queueing 
networks,  if  it  contains  load-dependent  service  centers,  similarly  requires  the 
solution  of  additional  queueing  networks.  An  alternative  approach  is  to  calcu¬ 
late  P;i;(0!7^)  from  the  normalizing  condition  ^  P/t (m.  j /?)  =  !;  however,  this 

m=0 

method  has  been  found  to  be  numerically  unstable  [Chandy  &  Sauer  60,  Reiser 
61], 


For  clarity,  when  describing  the  modifications  to  the  multiple  closed  class 
PBH  algorithm  necessitated  by  load-dependent  service  centers,  the  assumption 

Lksim)^  Lks{m-^l) 


will  be  made  that 


for  all  m>l.  (This  relation  corresponds 


m  m  +  1 

to  a  non-decreasing  total  service  rate,  and  is  usually  satisfied  in  the  computer 
system  modelling  context.)  The  PBH  equations  used  to  derive  mean  residence 
time  values  for  a  load-dependent  service  center  k  are  of  the  same  form  as  those 
used  by  MVA.  For  i&l,  and  each  class  seC. 


C/k  rec 

E  (4s(»TT-)-4s(Cfc)^)pAf"~'^(77T--l|^-^s)  (4-28) 

m  =  i 

where 

pi*^(m  IXO  =  E4r(”T-)A;^p8ss(7V')pi'”'^(77i-l  l7^-^r)  l<m.<c*;-2  (4-29) 

reC 

and,  for  any  reC*  such  that 


(4-30) 


In  this  last  equation,  class  r  is  chosen  to  be  a  class  with  a  large  delay  service 
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center  loading  (if  such  a  class  exists),  since  the  system  throughput  of  such  a 
class,  when  calculated  using  Little's  equation,  is  quite  insensitive  to  errors  in 
the  mean  system  residence  time  of  the  class.  Suitable  initial  performance 
measure  estimates  corresponding  to  equations  (4-28)  to  (4-30)  are 

=  0 

PjJ°^(7n|.^)  =  0 

and 

Pi^°\0\N)  =  max[0  ,  l-^  ^^°pt(-^)4r(l)] 

T^C 

Note  that  ^  Ukri^)  (as  follows  from  the  expression  for  Ukr{fl)  that  is 

used  in  the  Convolution  algorithm  [Zahorjan  BO]),  and  that  therefore 

The  multiple  closed  class  PBH  algorithm  must  obtain  performance  meas¬ 
ures  for  each  of  the  queueing  networks  resulting  from  the  removal  of  a  load- 
dependent  service  center,  as  in  MVA.  (Each  of  these  queueing  networks,  if  it 
contains  load-dependent  service  centers,  simJlarly  requires  performance  meas¬ 
ures  for  additional  queueing  networks.)  In  particular,  the  PBH  algorithm 

/ 

requires  level  i  optimistic  class  r  system  throughputs,  for  each  of  the  queueing 
networks  with  a  load-dependent  service  center  removed,  when  calculating  level 
i  performance  measures  for  the  original  queueing  network.  This  may  be  com¬ 
putationally  infeasible  if  there  are  many  load-dependent  service  centers;  in 
these  cases,  rather  than  using  level  i  optimistic  system  throughputs,  level  0 
throughputs  can  be  utilized  (which  do  not  require  the  analysis  of  additional 
queueing  networks).  Although  the  resulting  algorithm  loses  some  accuracy,  as 
well  as  the  property  that  the  level  i  performance  measures  are  exact  for  i=N, 
the  computational  savings  can  be  large. 

The  remaining  modifications  necessitated  by  the  presence  of  load- 
dependent  service  centers  are  to  the  computation  of  and 
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bs{N),  and  to  the  choices  of  rjB  and  iff.  For  each  load-dependent  service 
center  k ,  the  additional  term 


m  =  l 

must  be  added  to  This  compensates  for  any  possible  underestimate 

of  jOjfe(0|/^-^s)  (as  can  be  seen  from  equation  (4-28)).  In  the  defining  equation 
for  (equation  (4-7)),  for  each  load-dependent  service  center  k 

minlLjesim)]  is  added  to  the  bound  of  1  (since  (i^)  ^  (^'')])-  the 

m  m 

other  bound  in  this  equation,  each  load-dependent  service  center  is  treated 

L^r  (  Cje  ) 

exactly  as  is  each  fixed-rate  service  center,  except  that  — - -  is  used  for  a 


load-dependent  service  center  where  Li^  is  used  for  a  fixed-rate  service  center. 
This  modification  is  correct,  since,  for  a  load-dependent  service  center  k, 

— —<  UjcrU^^)  (as  follows  directly  from  the  expression  for  f7fc^(y^). used 

in  the  Convolution  algorithm).  For  each  load-dependent  service  center  k, 
Zfcs(l)  must  be  added  to  the  expression  giving  bs{N)  in  terms  of  br{l^)  for  all 
reC.  This  modification  follows  from  the  fact  that  the  mean  residence  time  at  a 
load-dependent  service  center  k  is  maximized  for  (0 1  i^-#s)  maximized  (when 
this  probability  is  viewed  as  independent  of  all  other  probabilities),  and  from 
the  construction  of  Lsr  jb- 

^ST  UB  is  chosen  as  the  maximum  of  the  value  obtained  when  not  consider¬ 
ing  the  load-dependent  service  centers,  and  the  maximum,  over  the  load- 

Lks 


dependent  service  centers  k  visited  by  class  r,  of  max 

m^2 


Usim)-- 


m  —1 


.  This 


latter  expression  is  derived  from  equation  (4-28)  by  supposing  that  the  class  r 
heap  is  due  solely  to  an  underestimate  of  pjt(m-l  |/^-^s),  and  then  solving  for 
the  effect  of  this  underestimate  on  is  chosen  as  the  minimum  of 
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the  value  obtained  when  not  considering  the  load-dependent  service  centers, 
and  the  minimum,  over  the  load-dependent  service  centers  k  visited  by  class  r, 
4fes(‘'lc) 


of 


IS  used  since  the  most  optimistic  possible  allocation  of  a 


heap  to  service  center  k  inflates  the  probabilities  \I^-Ss)  for  m>c^  (as 

can  be  verified  from  equation  (4-28)).  Improvements  to  the  yg  and  i£ 

choices  are  possible,  however,  they  create  a  dependence  between  the  values  of 
jg  and  ig  and  the  heap  size.  The  resulting  increase  in  algorithm  com¬ 
plexity  13  likely  unjustified. 

In  lemma  4.5,  it  is  proved  that  the  character  of  initial  estimates  is 
preserved  by  the  multiple  closed  class  PBH  equations,  as  modified  to  allow  for 
load-dependent  service  centers.  In  addition  to  preserving  the  relations  that 
were  preserved  previously,  pi^'-\ni\f^)  ^  p,c{m\N)  for  0<m<Cfc-2,  i'>0.  is  also 
preserved  for  each  load-dependent  service  center  k.  Lemma  4.5,  in  conjunction 
with  the  appropriate  character  of  the  chosen  initial  estimates,  implies  that 
theorem  4.2  holds,  with  a  few  modifications,  when  load-dependent  service 
centers  are  allowed.  In  the  mean  queue  length  and  mean  residence  time 
bounds  for  each  load-dependent  service  center  k,  At-  should  be  replaced  by  1. 
(For  fixed-rate  service  centers.  is  computed  as  if  the  load-dependent  service 

) 

centers  were  not  present.)  - should  be  used  in  the  lower  bound  on  the 

^k 

class  s  utilization  of  each  load-dependent  service  center  k,  while  Z*i  (l)  should 
be  used  in  the  upper  bound.  The  upper  bound  should  be  used  in  conjunction 
with  the  bound  given  by  ^)-  Finally,  note  that  tertiary  performance 

measure  bounds  for  each  load-dependent  service  center  are  also  available,  as 
the  algorithm  yields  lower  bounds  on  the  Pki'm  |.^)  quantities  for  0<m<Cjfc-2 
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APPENDIX  4.  A 


This  appendix  states  and  proves  lemmas  of  relevance  to  chapter  four. 


Lemma  4.1: 

For  all  populations  7t  such  that  lit  1  =n.  for  some  n,  suppose  that  two  mean 
queue  length  allocations  with  associated  pessimistic  heaps, 
(0<n^J°)(7t)<nfcs(^))  with  (for  all  seC),  and 

^th  (for  all  s  eC),  are  such  that,  for  each  s  cC, 

77.^^°)(it)  <  n^^°^(it)  l^k<K 

and 

n^f&m+  f  n£<‘»(ft)  fe  n}''^iS(ii)+  f  n£;l”)(Ti) 

*=1  fc=l 

Then  for  s  eC,  i>0,  and  population  7^  such  that  |7^1  =n+i, 


l^k^K 

(4.1-1) 

and 

i  (i?)+ f, 

(4.1-2) 

k=l  fc  =  l 


where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  appl3hng  the 
equations  of  the  multiple  closed  class  PBH  algorithm  starting  from  values 
superscripted  by  7;(0)  andT;'(0),  respectively.  (Optimistic  heaps  are  not  needed 
to  establish  this  claim  and  have  therefore  been  disregarded.) 

Proof: 

The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  •i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  l  (i>0).  From  relation 
(4-6),  relation  (4.1-2)  will  be  established  if  it  can  be  shown  that,  for  each  seC, 

^  (4.1-3) 

which  reduces  to,  using  equation  (4-3), 

k=\  r£C  k=l 

From  equation  (4-1),  this  relation  can  be  expanded  to  jheld,  after  regrouping 
terms  and  canceling  ^  Ljfs  from  both  sides, 

it=i 

reC  reC‘fc  =  l 

From  the  inductive  hypothesis  on  relation  (4.1-1),  each  term  in  the  double  sum¬ 
mation  on  the  right-hand  side  of  this  last  relation  is  non-negative.  These  terms 
represent  an  allocation  of  a  heap  for  each  class  r,  given  by 

E  -  E to  the  fixed-rate  service  centers.  Since,  by 

k=l  k=\ 


reC 
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construction,  'jb  is  an  upper  bound  on  the  mean  class  s  loading  when 
encountering  customers  from  the  class  r  heap,  the  relation  holds  if  it  holds 
with  Z*s  replaced  by  Malang  this  substitution,  separating  the  terms 

corresponding  to  each  class,  and  canceling  ub>  results  in  relation  (4.1-2)  for 
i,  which  holds  from  the  inductive  hypothesis.  This  establishes  relation  (4.1-2) 
fori  +  l. 

From  relations  (4-4)  and  (4-1).  and  the  inductive  hypothesis  on  relation 
(4.1-1),  relation  (4.1-3)  also  establishes  relation  (4.1-1)  fori  +  l.  This  establishes 
the  lemma  fori  +  l.  and.  by  induction,  for  all  is:0.  • 


Lemma  4.2: 

For  all  populations  a  such  that  \Ti\=Ti,  for  some  n.  suppose  that  two  mean 
queue  length  allocations  ■with  associated  pessimistic  heaps,  ['n.te^°^(’i)]ii/fciA'.sec 
(0<n*^5('=)(7?)<7ito(rl))  with  (for  all  seC).  and  [njfsWjTt )]i^jtsA'!s£C 

(0<  )<n^  (ft))  with  (for  all  scC).  are  such  that,  for  each  seC, 

njj;W(ft)  <  n^'W(7t)  l<k<K 

fc=l  fe=l 

and,  for  fixed-rate  service  centers  k  and  7  such  that  Liet^Ljt  for  all  classes  t, 

Then  for  s  eC.  i&O,  and  population  7^  such  that  |j^|  =  n+i, 

^  (4,2-1) 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  appl3dng  the 
equations  of  the  multiple  closed  class  PBH  algorithm  starting  from  values 
superscripted  by  i-'(O)  and  'i-''(0),  respectively.  (Optimistic  heaps  are  not  needed 
to  establish  this  claim  and  have  therefore  been  disregarded.) 


Proof; 


The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  i=0.  Assume  that 
the  lemma  holds  for  i.  and  consider  the  lemma  for  i  +  i  (i^O).  Regrouping 
terms  in  relation  (4.2-1)  and  utilizing  equation  (4-4)  yields,  for  each  s  gC, 


A' 


Zs+K'iits'Kf^) 


From  relation  (4.1-3)  of  the  previous  lemma,  this  last  relation  holds  if  it  holds 
\vlth  A7pssi^(-^)  replaced  by  Making  this  substitution,  simplifying, 

and  utilizing  relation  (4-1)  results  in 


reC 


reC 


reC  reC 


Since  by  assumption,  and  for  all  reC  from 

relation  (4.1-1)  of  the  previous  lemma,  this  last  relation  holds  if  it  holds  with 
Lies  replaced  by  Lj, .  Making  this  substitution,  simplifying,  and  separating  the 
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terms  corresponding  to  each  class  r  yields 

which  holds  from  the  inductive  hypothesis.  This  establishes  the  lemma  for  i  +  1, 
and,  by  induction,  for  all  i>0.  • 


Lemma  4.3: 

For  all  populations  ft  such  that  [ft  |  =7i,  for  some  n,  suppose  that  two  mean 
queue  length  allocations  with  associated  pessimistic  arid  optimistic  heaps, 

{Q^nliJ-°'>{ft)fn)^{7l))  with  (for  all  seC), 

and  ['nj^^°'(7t)]i^:£jr.sec  iO<n^^°'>{fi)^ni^{n))  with  ).  (for  all 

seC).  are  such  that,  for  each  seC, 

l^k<K 

*=i  *  =  i 

cind 

fc=i  fc=i 

Then  for  s  € C,  i^O,  and  population  7^  such  that  |  ]  =  n  +i , 

jb  =  l  *  =  1 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  applying  the 
equations  of  the  multiple  closed  class  PBH  algorithm  starting  from  values 
superscripted  by  7;(0)  andT;'(0),  respectively. 

Proof: 

The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  From  relation 
(4-5),  relation  (4.3-1)  will  be  established  if  it  can  be  shown  that,  for  each  seC, 

Rs%V\N)  ^  (4.3-2) 

Since  lemma  4.1  implies  that  ^  a^'''-*^^{N),  from  equation  (4-2)  rela¬ 

tion  (4.3-2)  will  be  shown  if  it  can  be  shown  that 

fc  =  l  reC  A:  =  l  reC 

From  equation  (4-1),  this  relation  can  be  expanded  to  yield,  after  regrouping 

fC 

terms  and  canceling  ^  from  both  sides, 

fc  =  i 

reC  rECk=\ 

From  lemma  4.1,  each  term  in  the  double  summation  on  the  right-hand  side  of 
this  last  relation  is  non-negative.  These  terms  represent  an  allocation  of  a 

heap  for  each  class  r,  given  by  ~  2 to  the  fixed- 

fc  =  l  le  =  l 
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rate  service  centers.  Since,  by  construction.  ls  is  a  lower  bound  on  the 
mean  class  s  loading  when  encountering  customers  from  the  class  r  heap,  the 
relation  holds  if  it  holds  with  Us  replaced  by  ib  Making  this  substitution, 
separating  the  terms  corresponding  to  each  class,  and  canceling  lb.  results 
in  relation  (4.3-1)  for  i.  which  holds  from  the  inductive  hypothesis.  This  estab¬ 
lishes  the  lemma  for  i  +  1.  and.  by  induction,  for  all  i5t0.  • 


Lemma  4.4: 

For  aill  i^O.  s  eC  and  /v'  such  that  A^s-1. 


where,  for  i^l. 


=  1+x; 

reC 


{Nr-Srs)!^  <JB 


and 


(4.4-1) 


Proof; 

The  lemma  will  be  shown  if  it  can  be  shown  that 


b^'\fl)-^  R^{fi)  (4.4-2) 

for  all  The  proof  is  by  induction  on  i. 

Relation  (4.4-2)  trivially  holds  for  i  =  0.  Assume  that  the  relation  holds  for 
i^O.  and  consider  the  relation  for  t  +  l.  From  Little’s  equation,  and  a  regrouping 
of  terms,  the  V?/A  mean  residence  time  equation  yields 


=  i+S  f  4. 

reC  Jc  =  l 


Rkria-^s) 

Zr^Rr{^-^s) 


From  the  previous  equation  and  the  definition  of  relation  (4.4-2)  will 

be  shown  for  i  +  1  if  it  can  be  shown  that,  for  each  class  r, 


■>  ^  A  ,  Ri^(rl-gs) 

Zr+b}%i<l)  ^  2;  +  /?.(7t-#.) 


This  last  relation  holds  from  the  inductive  hypothesis  and  the  construction  of 
rjg.  By  induction,  this  establishes  relation  (4.4-2),  and  therefore  the  lemma, 
for  all  i>0.  • 


liemma  4.5: 

For  all  populations  r£  such  that  |fl  |  =n.  for  some  n .  and  each  queueing  net¬ 
work  that  must  be  analyzed  by  the  multiple  closed  class  PBH  algorithm  as 
extended  to  allow  for  load  dependence,  suppose  that  two  choices  of  initial  per¬ 
formance  measure  estimates  (each  service  center  mean  queue  length  estimate 


-  121  - 


non-negative  and  less  than  or  equal  to  the  actual  value),  superscripted  by  t;(0) 
andu'(O),  are  such  that,  for  each  class  s, 

Ti^(°)(fl)  <  l^k^K 

E  ^  (^)+  E 

fc=i  jt=i 

n^.is>(«)+  f  "&<”>(«)  s  f  ns,^'‘\n) 

*=1  fc=l 

and,  for  each  load-dependent  service  center  k  , 

la)  <  p]^'^^\rrL  l-A)  0<m<Cy(.— 2 


Then  for  s  eC, 'iSrO,  and  population  such  that  |yv|  =  n+i, 

niPiJf)  s  l^ksK  (4.5-1) 

f  ^  f  (4.5-2) 

Jk=l  fc  =  l 

"»'‘"«ii*(/?)+  E  ^  f  "£">((?)  (4.5-3) 

*=l  fc  =  l 

and,  for  each  load-dependent  service  center  k , 

|i^)  |i^)  0^m<C;j.-2  (4,5-4) 


where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  applying  the 
equations  of  the  multiple  closed  class  PBH  algorithm,  as  modified  to  allow  for 
load  dependence,  starting  from  values  superscripted  by  i'(O)  and  ^’(O),  respec¬ 
tively. 


Proof: 

The  proof  is  by  induction  on  i. 

By  assumption  the  lemma  holds  for  the  induction  basis  •i  =  0.  Assume  that 
the  lemma  holds  for  i.  and  consider  the  lemma  for  i  +  1  (i>0). 

From  the  correctness  of  the  modifications  to  the  computation  of  jRJ'%ss{^^)' 
and  bs(^),  and  to  the  choices  of  and  lb,  and  from  lemmas  4.1  to 

4.3,  relations  (4.5-1)  to  (4.5-3)  will  be  shown  for  i  +  1  if  it  can  be  shown  that,  for 
each  load-dependent  service  center  k  and  class  s  eC, 

^ !)(/})  (4.5-5) 


From  equation  (4-28),  relation  (4.5-5)  reduces  to 


Cf.  -1 


(itX:nff>(,Sf-e,))  +  E  (4,(m.)-4»(Ct)f^)p£'‘’(m-li(»-?,)^ 

reC  m  =  l 


^k  t£C  m  =  l  ^k 


m  =  l 


TTL 

Since  (m,)-/,;^^  (c^) —  is  non-negative  by  assumption,  this  last  relation  holds 
from  the  inductive  hypothesis. 

From  equation  (4-29),  relation  14.5-4)  holds  for  i  +  1,  l<7n<c*.-2,  if,  for  each 
class  r. 


L^{m)  ^%VXN)pl^^\m-\\N-Sr)  ^  L^{m)  pt^'^ 

From  relations  (4.5-1)  and  (4.5-2),  yVpetsH^)  ^ -^pessH^)- 


{m.-l\N-Sr)  (4.5-6) 
In  conjunction  with 
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the  inductive  hypothesis,  this  establishes  relation  (4.5-6).  For  m=0,  relation 
(4.5-4)  becomes,  from  equation  (4-30). 


(4.5-7) 


FVom  relations  (4.5-1)  to  (4.5-3). 

In  conjunction  with  the  inductive  hypothesis,  this 
implies  relation  (4.5-7).  This  establishes  relation  (4.5-4)  and  the  lemma  for 
1  +  1.  and.  by  induction,  for  all  i>0.  - 


-  123- 


CHAPTER5 

LOOPED  PERFORMANCE  BOUND  HIERARCHY  ALGORITHMS 


The  accuracy  of  the  PBH  algorithm  is  dependent  both  on  the  form  of  the 
equations  used,  and  on  the  accuracy  of  the  initial  performance  measure  esti¬ 
mates.  The  previous  two  chapters  have  focused  on  the  algorithm’s  equations; 
the  initial  estimates  that  were  used  were  chosen  for  simplicity  as  much  as  for 
accuracy.  In  this  chapter,  Looped  Performance  Bound  Hierarchy  {LPBH)  algo¬ 
rithms  are  presented.  These  bounding  algorithms  use  the  PBH  algorithm  equa¬ 
tions  when  generating  higher  level  bounds;  however,  they  also  invest  significant 
computational  effort  in  obtaining  the  initial  performance  measure  estimates. 

The  LPBH  algorithms  are  so  named  due  to  the  looping  algorithms  used  in 
computing  the  initial  performance  measure  estimates.  The  simplest  type  of 
looping  algorithm  for  single  class  queueing  networks,  for  example,  uses  an 
approximation  giving  the  performance  measures  for  the  population  with  one 
fewer  customer  in  terms  of  those  for  the  original  population.  In  conjunction 
with  the  MVA  equations,  which  express  the  performance  measures  for  the  origi¬ 
nal  population  level  in  terms  of  those  for  the  population  with  one  fewer  custo¬ 
mer,  this  approximation  allows  an  Iteration,  or  looping,  between  the  perfor¬ 
mance  measures  of  adjacent  population  levels.  Although  the  looping  does  not, 
in  general,  converge  to  the  exact  performance  measure  values,  quite  accurate 
approximations  can  be  obtained.  A  major  advantage  of  looping  algorithms  is 
that  there  is  no  additional  cost  incurred  when  the  number  of  iterations  to  be 
performed  is  not  chosen  in  advance,  facilitating  a  goal  of  minimizing  cost 
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under  some  given  accuracy  constraint.  Note  that  in  the  PBH  algorithm,  this 
goal  is  more  difficult  to  attain,  since  it  is  more  expensive  to  compute  bounds  of 
multiple  levels  for  a  given  population  level  than  bounds  of  only  a  single  level 
(see  table  3.6). 

Section  one  of  this  chapter  treats  the  single  class  aMVA/PE  algorithm.  It  is 
proved  that  the  looping  performed  by  this  algorithm  3delds  initial  performance 
measure  estimates  suitable  for  the  pessimistic  computation  of  the  single  closed 
class  PBH  algorithm.  Initial  estimates  suitable  for  the  optimistic  computation 
are  provided  by  a  looping  algorithm  given  in  section  two.  and  are  conjectured  to 
be  provided  by  a  looping  algorithm  given  in  section  three.  Section  four 
describes  how  a  single  closed  class  LPBH  algorithm  can  be  constructed  using 
the  looping  algorithms  given  in  the  previous  sections.  Finally,  section  five 
presents  a  proposed  multiple  closed  class  LPBH  algorithm.  The  chapter  also 
has  two  associated  appendices.  Required  lemmas  are  proved  in  appendix  5.A, 
while  appendix  5.B  contains  results  relevant  to  section  one.  The  class  of  queue¬ 
ing  networks  being  treated  in  this  chapter  are  those  with  only  fixed-rate  and 
delay  service  centers,  except  when  stated  otherwise. 

5.1.  The  Single  Class  ciMVA/PE  Algorithm* 

5.1.1.  Algorithm  Definition 

Although  the  aM\^A/PE  algorithm  can  be  applied  to  multiple  class  queueing 
networks  (as  described  in  chapter  two),  it  will  be  developed  here  for  single  class 
closed  queueing  networks  only. 

Viewed  as  a  looping  algorithm,  the  aVVA/PE  algorithm  is  based  on  the  fol¬ 
lowing  approximation  giving  population  level  A^-1  performance  measures  in 


•  Portions  of  the  material  presented  in  this  section  appear  in  the  paper  "An  Analysis  of  an 
Approximation  Algorithm,  for  Queueing  Networks"  [Eager  &c  Sevcik  83b]. 
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terms  of  those  for  population  level  N: 

^k{N-i)  =  Ek{N)  l^k^K 

and 

=  R{N) 

From  Little's  equation, 

7r„{iV-l)  =  nj  1-sk^K 

The  MVA  equations  are  used  to  complete  the  looping,  yielding  the  aMVA/PE 
equations 

=4(l+ni‘-”(W)^)  \sksK  (5-1) 

=  t  (5-2) 

fc=l 

and 


where  the  superscript  (i)  denotes  values  yielded  by  i  iterations,  or  loopings, 
from  initial  performance  measure  estimates  superscripted  by  (0).  One  suitable 
choice  of  initial  estimates  uses  those  for  the  pessimistic  computation  of  the 
single  closed  class  PBH  algorithm  (see  subsection  3.1.2): 


=  b  {N) 


and 


Ri°KN)  = 


b{N) 

0 


for  k  =b 

for  k  j^b .  1<A:<A' 


b{N) 

Z+b{N) 


■N  for  A:  =6 


n^^\N)  = 

0  loTkjtb,l<k<K 

In  the  next  subsection,  it  is  proved  that  the  aMYA/PE  equations  have  a 


unique  solution  (fixed  point),  and  that  the  initial  estimates  given  above  guaran¬ 
tee  monotonic  convergence  to  this  solution. 
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5.1.2.  Moaotonic  Convergence  to  a  Unique  Solution 

It  is  straightforward  to  prove  that  there  is  at  most  one  solution  to  the 
aMX'^A/PE  equations.  This  result  depends  on  the  assumption  that  the  service 
center  loadings  are  positive,  and  that  only  positive  mean  residence  times  are 
acceptable. 

Theorem  5.1: 

There  exists  at  most  one  solution  to  the  aMVA/PE  equations. 


Proof: 


First  of  all.  note  that  since  a  solution  to  the  aMYA/PE  equations  is  a  fixed 
point  of  equations  (5-1)  to  (5-3).  at  a  solution  the  superscript  (i)  cein  be 
dropped. 

For  N=l,  the  aMVA/PE  equations  set  Rie{N)  -  for  ail  k,  and  the  theorem 
holds.  Consider  the  theorem  for  A^>1.  Substituting  for  nic{N)  in  equation  (5-1), 
using  equation  (5-3).  yields 


E,{N)  =  4[1  + 


Rk{N) 

Z+R{N) 


(A^-1)] 


which  can  be  rewritten  as 


Rt{N) 


Z+R{N) 


=  4 


(5-4) 


Since  A*  and  Rie{N)  must  be  positive,  this  last  equation  implies  that  any  accept¬ 


able  solution  must  satisfy 


R{N)  >  {N-l)Lk-Z  l^k<K  (5-5) 

Isolating  Rk{R)  on  the  left-hand  side  in  equation  (5-4).  summing  over  k,  and 

utilizing  equation  (5-2)  yields 


RW  =  t 

fc  =  l 


(^-1)4 


1- 


Z+R{N) 


<  =  =  >  1 


1:  =  1 


4Z 


R{N){R{N)-{{N-1)L,-Z))  R{N)-{{N-l)U-Z) 


(5-6) 
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In  the  region  of  interest  as  defined  by  inequality  (5-5),  and  by  the  constraint 
R{N)  >  0, 

4^  4 

^\r{n){R{n)-{{n-i)U-z))  *  /?(W)-((W-1)4-Z) 

is  a  strictly  decreasing  function  of  R{N).  Therefore,  the  right-hand  side  of 
equation  (5-6)  can  equal  one  for  at  most  one  value  of  R{N).  impl5dng  that  there 
can  be  at  most  one  acceptable  value  of  R{N)  satisfying  equation  (5-6),  and, 
equivalently,  the  aMVA/PE  equations.  Since  the  R/dN)  values,  and  therefore 
the  tl^{N)  values,  are  uniquely  determined  by  R[N)  (equation  (5-4)),  the 
theorem  is  established.  ■ 

The  next  theorem  shows  that  the  initial  performance  measure  estimates  of 
the  previous  subsection  guarantee  convergence  to  a  (necessarily  unique)  solu¬ 
tion.  This  convergence  is  monotonic  in  the  sense  that  each  of  the  performance 
measure  values  produced  at  the  i  +  lst  iteration  lies  in  the  interval  defined  by 
that  produced  at  the  ith  iteration  and  that  of  the  exact  solution  to  the  equa¬ 
tions. 

Theorem  5.2; 

The  initial  performance  measure  estimates  of  subsection  5.1.1  guarantee 
monotonic  convergence  to  a  solution  of  the  aMVA/PE  equations. 

Proof: 

It  is  sufficient  to  establish  that  the  mean  queue  length  estimates  produced 
after  i  +  1  iterations  are  bottleneck  majorized  by  those  produced  after  i  itera¬ 
tions,  for  all  i>0.  This  shows,  in  particular,  that  ??  R^'''>{N).  which  is 

sufficient  to  imply  convergence  since  A^'^(A)  is  bounded  below  by  1  for  all  i^O. 

Consider  the  mean  queue  length  estimates  that  result  after  one  iteration; 
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for  k  =b 


for  k  /b .  l^k^K 


It  is  easily  verified  that  these  estimates  are  bottleneck  majorized  by  the  initial 
mean  queue  length  estimates,  or  that 


^  tiP{N)  ki^b.l^k^K 


and 


By  lemma  5.1  in  appendix  5. A,  the  aMVA/PE  equations  preserve  bottleneck 
majorization.  This  establishes  the  theorem.  ■ 

Many  other  initial  estimate  choices  can  also  be  shown  to  yield  monotonic 
convergence  to  the  solution  of  the  aMVA/PE  equations.  In  appendix  5.B.  an 
example  is  given  in  which  the  estimates  correspond  to  the  optimistic  assump¬ 
tion  that  the  mean  residence  time  at  each  service  center  is  equal  to  the  service 
center  loading.  In  this  case,  however,  the  convergence  is  from  the  other  side  of 
the  exact  solution  to  the  equations  (the  optimistic  side).  Agrawal  has  shown 
convergence,  for  queueing  networks  with  no  delay  service  centers,  when  the 

initial  mean  queue  length  estimate  for  each  service  center  is  ^  [Agrawal  83]. 

K 

5.1.3.  The  Performance  Measures  Produced 

In  theorem  5.3.  it  is  shown  that  the  level  i  mean  queue  lengths  from  the 
pessimistic  computation  of  the  single  closed  class  PBH  algorithm  are  majorized 
by  the  mean  queue  lengths  yielded  after  i  iterations  using  the  aMA^A/PE  equa¬ 
tions.  starting  from  the  initial  performance  measure  estimates  given  in 
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subsection  5.1.1.  This  implies  that  the  pessimistic  PBH  performance  measures 
are  more  accurate  than  the  corresponding  performance  measures  yielded  by 
the  aMVA/PE  algorithm.  Also,  since  majorization  is  transitive  and  the  exact 
mean  queue  lengths  are  majorized  by  the  level  i  PBH  mean  queue  lengths,  this 
result  implies  that  the  exact  mean  queue  lengths  are  majorized  by  the 
aMVA/PE  mean  queue  lengths,  implying  that  the  aMVA/PE  performance  meas¬ 
ures  are  suitable  as  initial  performance  measure  estimates  for  the  pessimistic 
computation  of  the  PBH  algorithm.  (Although  the  initial  estimates  given  previ¬ 
ously  for  the  pessimistic  computation  are  based  on  bottleneck  majorization, 
majorization  is  sufficient,  as  will  be  shown  in  section  5,4.)  In  the  theorem,  the 
performance  measures  from  the  pessimistic  computation  of  the  PBH  algorithm 
are  distinguished  by  the  subscript  pess . 

Theorem  5.3: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that 
For  all  i^O,  N^l, 

(^)  ^ -  1^3 <K  (5-7) 

k  =  \ 

and 

E  ^  E  pess  {N)  (5-B) 

fc=i  fc=i 

Proof: 

The  proof  is  by  induction  on  i. 

Since  for'  all  k,  the  lemma  holds  for  the  induction  basis 

i  =  0.  Assume  that  the  lemma  holds  for  i,  and  consider  the  lemma  for  "i-t-l  (i^O), 


From  lemma  5.2  in  appendix  5. A, 


-  130- 


-  l^i^K  (5-9) 

Vni‘^^(A') 

Jk  =  l 

and 

>:  =  1  *=1 

Applying  the  inductive  hypothesis  to  this  last  relation  yields 

f  f (5-10) 

k  =  \  k=\ 

Applying  the  inductive  hypothesis  to  relation  (5-9)  yields 

t  "<S‘’(A') 

fc  =  l 

implying  that 

- -  (5-11) 

^  iW‘>(W)^ 

k  =  l  ■''' 

Using  the  PBH  and  aMVA/PE  equations,  for  i  +  1  and  l<j^K  relation  (5-7) 
reduces  to  (after  canceling  common  factors  from  both  sides  of  the  relation) 


^4(l+n.W„(W-l)) 

fc=l _ 

il*(l+ni‘>(W)^) 

1:=1 


This  relation  holds  from  lemma  3.2  applied  to  relations  (5-10)  and  (5-11)  (where 
Tifc  is  taken  as  n^'^HN)  and  is  taken  as  njfpBss(A^“l).  for  l<k^K),  estab¬ 

lishing  relation  (5-7)  fori  +  l. 

Relation  (5-8)  forx  +  1  reduces  to 

E  4  ( !  *nP{N)  f  £,  ( 1  +nJ0.„  (N)) 

- 1 - ^ 

Z+  V  i,(i+„,!i)(,v) il^)  2+  5-  it(l +W‘j.=  (A')) 

k=\  k  =  l 
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K  fC 

Jb  =  l  ■'''  fc  =  l 

This  last  relation  holds  from  lemma  3.2  applied  to  relations  (5-10)  and  (5-11)  as 
before,  establishing  relation  (5-8)  and  the  theorem  for  i  +  1.  By  induction,  the 
theorem  is  established  for  i>0.  ■ 

5.1.4.  An  Example 

Table  5.1  gives  performance  measures  yielded  by  the  aMVA/PE  algorithm 
for  the  queueing  neUvork  of  table  3.1,  for  a  population  of  50  customers.  Both 
the  performance  measures  obtained  after  5  iterations,  and  the  performance 
measures  at  convergence  (which  required  about  16  iterations  for  the  precision 
used  in  the  table)  are  shown.  The  exact  performance  measures  are  given  for 
comparison. 

Another  comparison  that  can  be  made  is  between  the  performance  meas¬ 
ures  produced  after  5  iterations,  and  the  level  5  performance  measures  of  the 
pessimistic  computation  of  the  single  clo'sed  class  PBH  algorithm.  As  predicted 
by  theorem  5.3,  the  latter  performance  measures  are  more  accurate.  For 
example,  the  mean  system  residence  time  value  yielded  by  the  PBH  pessimistic 
computation  is  2.33  (table  3.2),  as  contrasted  to  2.44  as  yielded  by  the  aMVA/PE 
algorithm.  The  relationship  between  the  performance  measures  yielded  by  a 
looping  algorithm  such  as  the  aMVA/PE  algorithm,  and  those  yielded  by  the 
PBH  algorithm,  is  discussed  further  in  subsection  5.4.1. 

5.2.  A  Single  Class  Optimistic  Looping  Algorithm 

5.2.1.  Algorithm  Definition 

This  section  describes  a  looping  algorithm  that  yields  performance  meas¬ 
ures  suitable  as  initial  estimates  for  the  optimistic  computation  of  the  single 
closed  class  PBH  algorithm.  The  looping  algorithm  is  based  on  the  following 


-  132  - 


Svstem  Performance  Measures 

Svstem  Throu2hDUt 

Mean  Si 

r^stem  Residence  Time 

5  Iter. 

Conv. 

Exact 

5  Iter, 

Conv.  Exact 

2.07 

2.90 

2.92 

2.44 

2.22  1  2.15 

FixeH-F?at.p  Service  Center  Performance  Measure^ 


Service 

Center 

Mean  Residence  Time 

Mean  Queue  Length 

U 

tilization 

5  Iter 

Conv. 

Exact 

5  Iter. 

Conv. 

Exact 

5  Iter. 

Conv. 

Exact 

1 

1.15 

.87 

.61 

3.31 

2,53 

2.35 

.72 

.73 

.73 

2 

.43 

,46 

.46 

1.22 

1.35 

1.33 

.57 

.58 

.58 

3 

.31 

.33 

.33 

.90 

.96 

.95 

.49 

.49 

.50 

4 

.26 

.29 

.29 

.81 

.85 

.65 

.46 

.46 

.47 

5 

.10 

.10 

.10 

.29 

.30 

.30 

.23 

.23 

.23 

6 

.07 

.07 

.07 

.21 

.21 

.21 

.17 

.17 

.17 

7 

.06 

.06 

.06 

.17 

.17 

.17 

.14 

.15 

.15 

.  6  . 

.03 

.03 

.03 

.09 

.10 

,09 

.09 

.09 

.09 

Dela.y.SeiiYiQ.e. Center  Performance  Measures 

Mean  Queue  Length 

5  iter. 

Conv. 

Exact 

43.00 

43.54 

43.74 

aMVA/PE  Performance  Measures  for  an  Example  Queueing  Network 

Table  5. 1 


approximation  giving  population  level  N-\  service  center  mean  residence 
times  in  terms  of  those  for  population  level  N: 

=  R^{N)  - 

ij  ' 

where  A(jV)  is  the  change  in  the  mean  number  of  customers  at  the  fixed-rate 
service  centers  when  going  from  a  population  level  of  TV-l  to  a  population  level 
of  N,  and  Arjg{N)  is  an  upper  bound  on  this  quantity  defined  by 


RiN) 

Z^R{R) 


N  - 


R{N)-U 

Z^R{R)-U> 


(A'-l) 


-  133- 


The  fact  that  is  indeed  an  upper  bound  follows  from  the  relation 

R{N-\)  >  R{N)-U>  which  can  be  proved,  in  conjunction  with  7r*.(Ai)  >  n^-iN-l) 
for  all  fixed-rate  service  centers  k ,  by  induction  on  N. 

Using  R{N-1)  =  ^  R)f{N-l)  yields  the  following  approximation  for  R{N-l): 


k  =  \ 


iW 


^(yV-1)  =  R{N)  - 

Note  that  ~  ^  follows  from  for  all  p).  Applying 


*  =  i 


Little’s  equation  yields 


4" 


N 


n,{N-l)  =  - - (iV-1) 

Z+R{N)  - 


l^k<K 


The  MVA  equations  are  used  to  complete  the  looping,  yielding  the  following 
equations  for  the  optimistic  looping  algorithm; 


RP{N)  =  l<k<K 


*=1 


RP(N)  - 

ni<>(Af-D  - - - (A^-l) 

Z+/?!‘)(;V)  - 


1<L*  <K 


(5-12) 

(5-13) 

(5-14) 


cind 


mN)  - 


-N  - 


R^^\N)-L^ 


-{N-D 


(5-15) 


z^rS%n)-u 

where  the  superscript  (i)  denotes  values  produced  by  i  iterations  from  initial 
performance  measure  estimates  superscripted  by  (0).  One  suitable  choice  of 
initicd  estimates  uses  the  level  1  mean  residence  times  from  the  optimistic 
computation  of  the  basic  PBH  algorithm  (the  level  0  mean  residence  times  are 
not  used  since  they  may  result  in  negative  1)  values): 


-  isl¬ 


and 


K^  Z+a{N-l) 


For  l<Jb</r.  n£°^(A’-l)  is  computed  using  equation  (5-14). 

It  is  unknown  as  to  whether  the  optimistic  looping  algorithm  equations 
have  a  unique  solution.  It  has  also  not  been  established  that  the  initial  esti¬ 
mates  given  above  guarantee  monotonic  convergence  to  a  solution,  although 
one  cam  prove  that  these  equations  preserve  majorization  (which  implies  that  if 
the  imtial  estimates  are  majorized  by  the  estimates  yielded  after  one  iteration, 
then  convergence  will  be  monotonic,  in  the  sense  that  the  performance  meas¬ 
ures  produced  will  become  less  and  less  optimistic.) 

5.2.2.  The  Performance  Measures  Produced 

It  is  shown  in  theorem  5.4  that  the  performance  measures  yielded  by  the 
optimistic  looping  algorithm  Eire  suitable  as  initial  performance  measure  esti¬ 
mates  for  the  optimistic  computation  of  the  single  closed  class  PBH  algorithm, 
by  showing  that  the  service  center  mean  queue  lengths  estimates  produced  are 
majorized  by  the  exact  mean  queue  lengths. 

Theorem  5.4:  Consider  an  indexing  of  the  fixed-rate  service  centers  such  that 

For  all  i>0.  iV>l, 


n/‘l(W)  s  Tij  {N)  ^ 

Vn»(W) 


t 

Jfc  =  l 


(5-16) 


and 


(5-17) 


Proof; 
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The  proof  is  by  induction  on  i. 

Fori=0,  the  theorem  holds  from  the  choice  of  initial  performance  meas¬ 
ure  estimates,  since  the  optimistic  PBH  mean  queue  lengths  are  majorized  by 
the  exact  mean  queue  lengths  (theorem  3.1).  This  establishes  the  induction 
basis. 

Assume  that  the  theorem  holds  for  i  and  consider  the  theorem  for 

i+1.  For  A/=l.  relations  (5-16)  and  (5-17)  hold  with  equality;  therefore,  only 
N^2  need  be  considered.  It  will  first  be  established  that 

npiN-l)  >  ny(iV-l)  ^ -  1<;<A'  (5-18) 

k  =  \ 

and 

(5-19) 

k=l  k=l 

where  is  defined  by  equation  (5-14),  and  nfc(A^-l)  is  defined  by 

n^(,N-\)  =  - - (N-\)  (5-30) 

Relation  (5-19)  is  equivalent  to 
R(N)  - 

It  is  a  consequence  of  the  concavity  of  throughput  (theorem  5.5  in  section  5.3) 
that  A(iV-l)  <  A(A/').  Also,  as  noted  previously,  A(A^)  <  Ay5(A^).  Therefore,  this 
last  relation  vhll  be  shown  if  it  can  be  shown  with  A(A/-l)  replaced  by 

Since  R{N)^R^'\N)  (from  £  (A^)  >  £  nJ")(A^)  as  given  by  the  inductive 

k=\  k=\ 

hypothesis),  the  relation  trivially  holds  if  A(^(A0  ^  AyB(A^).  Suppose  that 

rW 

A[)i(yV)  <  Ar®(/V).  Then,  smee  R^^\N)  >  1  >  ^7^ 


the  relation  holds  if 
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Ati(JV) 


R(N)  -  l^'W  -  i?«)(A')(fl''>(A')^ 


r.  ^  ^'JbW  . 

which  follows  from  R{N)  >  R^^\N),  and  from  ^ 

tion  can  be  established  using  R{N)  ^  R^^\N).) 

Using  equations  (5-14)  and  (5-20),  for  l<j^K  relation  (5-lB)  reduces  to 


t  (Ri^HN) 

lc  =  l 


t(R>:(N) 

Jfc=l 


(5-21) 


C?i 


ince 


t 

Rl^N)  ^  - 

*  =  1 

from  the  inductive  hypothesis  on  relation  (5-16)  and  from  Little’s  equation, 
relation  (5-21)  will  be  shown  if  it  can  be  shown  when  Rj^^\N)  is  replaced  by 


RiiN) 


t 

fc  =  i _ 

i/4(w) 

fc=i 


on  the  left-hand  side  of  this  relation.  Making  this  substitution 


and  then  simplifying  yields 

HiW,  t  t  -SKA')  -  A(A'-l)  t  A'i‘>(A'))  a 

k-\  *  =  1  *=1 

ii'(  t  /?t(A')){A(8(W)  t  IfM  -  A(W-l)  t  A'i'HW)) 

*=1  A;=l  fc  =  l 

Since  Rj{N)'f^  ^  R^iN)  from  lemma  5.5  in  appendix  5. A,  and 

/k  =  l  k  =  \ 

A(A''-l)  <  !Sjo{N),  this  last  relation  will  be  shown  if  it  can  be  shown  that 
t  Rk{N)  >  hrjgiN)  t 


k  =  \ 


k  =  l 
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<==> 


A[):^(yv) 


i(W)'  fnP(N) 


^nt(JV) 


*  =  1 


Jk  =  l 


This  last  relation  holds  from  lemma  5.6  in  appendix  5.A  applied  to  the  inductive 

A[^(yV)  Ar®(iV) 

hypothesis,  and  from  •  This  establishes  relation  (5-18). 

Since  majorization  is  transitive  here,  lemma  5.7  in  appendix  5, A  and  rela¬ 
tions  (5-16)  and  (5-19)  imply  that 


n}^)(JV-l)  >nj(A^-l)^^i - 

Jk  =  l 

and 


^nfc(A^-l)>  f,rLi^'l{N-l) 

fc=i  *=1 

Applying  lemma  3.2  to  these  last  two  relations  (with  nie  taken  as  and 

U/g  taken  as  7ifc(A^-l),  l<k:<K)  yields  relation  (5-17)  for  i  +  1  (noting  that  relation 

(5-17)  for  i 4-1  is  equivalent  to  ^  Ait(l+^/fc(A^“l))  ^  A;fc(H-n^’'^(A^-l))).  Using 

fc=l  k=\ 

relations  (5-14)  and  (5-20),  for  relation  (5-16)  reduces  to  (after  cancel¬ 

ing  common  factors  from  both  sides  of  the  relation) 


^z*(i+7r|‘>(A'-i)) 
l-t-nj^^A^-l)  ^  (1+nj  (iV-1))^^^^^ - 


fc=i 

which  holds  from  lemma  3.2  applied  as  before.  This  establishes  the  theorem  for 
i-i-l,  and,  by  induction,  for  all  i>0.  • 


5.2.3.  AnExeunple 

Table  5.2  gives  performance  measures  yielded  by  the  optimistic  looping 
algorithm  for  the  queueing  network  of  table  3.1.  for  a  population  of  50  custo- 
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mers.  Both  the  performance  measures  obtained  after  4  iterations,  and  the  per¬ 
formance  measures  at  convergence  (which  required  about  8  iterations  for  the 
precision  used  in  the  table)  are  sho^vn.  The  exact  performance  measures  are 
given  for  comparison. 


System  Perform.ance  Measures 

System  Throughput 

Mean  Svstem  Residence  Time 

4  Iter. 

Conv. 

Exact 

4  Iter,  j  Conv.  Exact 

2.98 

2.97 

2.92 

1.77  !  1.81  !  2.15 

Fixed-Bate  Service  Center  Performance  Measures 

- r;: — i - 


Service 

Center 

Mean  Residence  Time 

Mean  Queue  Length 

Utilization 

4  Iter. 

Conv. 

Exact 

4  Iter. 

Conv. 

Exact 

4  Iter. 

Conv. 

Exact 

1 

.39 

.41 

.81 

1.18 

1.22 

2.35 

.75 

.74 

.73 

o 

.47 

.49 

.46 

1.39 

1.45 

1.33 

.60 

.59 

.56 

3 

.34 

.34 

.33 

1.00 

1.01 

.95 

.51 

.51 

.50 

4 

.30 

.30 

.29 

.90 

.90 

.85 

.48 

.48 

.47 

5 

.10 

.10 

.10 

.31 

.31 

.30 

.24 

.24 

.23 

6 

.07 

.07 

.07 

.22 

.22 

.21 

.18 

.16 

.17 

7 

.06 

.06 

.06 

.18 

.17 

.17 

.15 

.15 

.15 

8 

.03 

.03 

.03 

dO 

.10 

.09 

.09 

■09 

•09 

Delay  Service  Center  Performance  Measures 

Mean  Queue  Length 

4  Iter.  1  Conv. 

Exact 

44.73  4<i.62 

43.74 

Optimistic  Looping  Algorithm  Performance  Measures 
for  an  Example  Queueing  Network 

Table  5.2 

Another  comparison  that  can  be  made  is  between  the  performance  meas¬ 
ures  produced  after  4  iterations,  and  the  level  5  performance  measures  of  the 
optimistic  computation  of  the  basic  single  closed  class  PBH  algorithm.  (Recall 
that  the  level  0  performance  measures  of  the  optimistic  looping  algorithm 
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correspond  to  the  level  1  performance  measures  of  the  PBH  algorithm.)  In  this 
example,  and,  empirically,  in  general,  the  latter  performance  measures  are 
more  accurate.  For  example,  the  mean  system  residence  time  value  yielded  by 
the  PBH  optimistic  computation  is  2.07  (table  3.2),  as  contrasted  to  1.77  as 
yielded  by  the  optimistic  looping  algorithm.  This  comparison  is  discussed 
further  in  subsection  5.4.1. 

5.3.  A  Conjectured  Single  Class  Optimistic  l.ooping  Algorithm* 

5.3.1.  Motivation 

The  optimistic  looping  algorithm  of  the  previous  section  is,  empirically, 
less  accurate  than  the  pessimistic  looping  algorithm  of  section  5.1  (the  single 
class  aMVA/PE  algorithm).  In  this  section,  an  alternative  optimistic  looping 
algorithm  is  presented.  This  algorithm  is  the  optimistic  analogue  of  the  pes¬ 
simistic  looping  algorithm,  and  empirically  can  yield  performance  measures 
that  are  much  more  accurate  (but  also  more  costly)  than  those  of  the  looping 
algorithm  of  the  previous  section.  However,  it  is  only  a  conjecture  that 
optimistic  performance  measure  estimates  are  produced. 

The  pessimistic  nature  of  the  looping  algorithm  of  section  5.1  is,  intui¬ 
tively,  due  to  the  fact  that  it  is  pessimistic  (with  respect  to  the  perforrnance 
measures  of  population  level  N-l)  to  assume  that  the  mean  system  and  service 
center  residence  times  with  N—i  customers  are  the  same  as  those  with  N  cus¬ 
tomers.  For  the  mean  system  residence  time,  this  is  a  consequence  of  the  fact 
that  it  is  an  increasing  function  of  the  queueing  network  population  level. 

Although  apparently  it  has  not  been  proved  previously,  it  is  also  the  case 
that  mean  system  residence  time  is  an  upwards  convex  function  of  the  queue- 

•  Portions  of  the  material  presented  in  this  section  appear  in  the  note  "A  proof  of 
thro’jghput  concavity  and  residence  t  ime  convexity"  [Eager  63]. 
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ing  network  population  level.  More  generally,  it  is  optimistic  (with  respect  to 
the  performance  measures  of  population  level  A^-1)  to  assume  that  the  changes 
in  the  mean  system  and  service  center  residence  times  in  going  from  N  to  N-1 
customers  are  the  same  as  those  in  going  from  yV+1  to  N  customers.  This  is 
proved  in  lemma  5.9  in  appendix  5. A  by  showing  that  the  population  level  N—1 
mean  queue  length  estimates  derived  with  the  use  of  this  assumption  are 
majorized  by  the  exact  mean  queue  lengths.  Theorem  5.5  gives  the  correspond¬ 
ing  results  for  the  system  performance  measures  of  mean  system  residence 
time  and  system  throughput.  The  result  for  system  throughput  has  been 
proved  independently  by  Dowdy.  Gordon,  and  Saxton  [Dowdy,  Gordon  k  Saxton 
83];  our  results  are  jointly  reported  in  [Dowdy  et  al.  83]. 

Theorem  5.5: 

For  all  N^2. 


R{N)  -  R{N-1)  ^  RiN+1)  -  R{N) 
X{N)  -  X{N-1)  ^  x(yv-i-i)  -  X{N) 


(5-21) 

(5-22) 


Proof; 


Relation  (5-21)  is  a  direct  consequence  of  relation  (5.9-2)  in  lemma  5.9  (it 
also  appears  in  the  lemma  as  relation  (5.9-5)). 

Relation  (5-22)  establishes  the  concavity  of  system  throughput,  and  will  be 
proved  here  with  the  use  of  relation  (5-21).  Using  Little's  equation,  relation  (5- 
22)  IS  equivalent  to 

N _ N-1  ^  N+l _ N 

Z+R{N)  Z+R{N-l)  ~  Z+/?(yV4l)  Z+R{N) 

This  relation  holds  if  it  holds  for  R{N-1)  minimized,  which  by  relation  (5-21) 
corresponds  to  R{N-1)  =  2R{N)-R[N-hl).  Making  this  substitution  and  simpli¬ 
fying  results  in 


{Z-^R{N)){R{N+1)-R{N))  >  N{R{N+l)-R{N))^ 
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Since  R{N+1)^R{N).  this  reduces  to 

Z+RiN)  >  N{R{N+l)-RiN)) 

<=  =  >  {N+1){R{N)+Z)^  N{R{N+1)+Z) 

This  last  relation  holds  from  Little's  equation,  and  the  fact  that  X{N  +  1)'>X{N) . 
This  completes  the  proof  of  the  theorem.  ■ 

The  conjectured  optimistic  looping  algorithm  to  be  presented  here  is  based 
on  the  fact  that  mean  system  residence  time  is  convex  (and  on  the  correspond¬ 
ing  service  center  mean  residence  time  properties  given  by  lemma  5.9)  much 
as  the  pessimistic  looping  algorithm  of  section  5.1  is  based  on  the  fact  that 
mean  system  residence  time  is  increasing  (and  on  the  service  center  mean 
residence  time  properties  given  by  lemm.a  5.2  or  5.3). 

5.3.2.  Algorithm  Structure 

The  conjectured  optimistic  looping  algorithm  uses  the  following  approxi¬ 
mation  giving  population  level  N-1  service  center  mean  residence  times  in 
terms  of  those  for  population  levels  N  and  A^-t-l: 


=  R^{N)  -  {R^iN^D  -  R,,{N))  l^k^K 

K 

Using  R{N-l)  -  Y^Rk{N-l)  yields  the  following  approximation  for  R{N-l)\ 


-  R{N)  -  (/?(W+1)  -  R{N)) 

The  MVA  equations  are  used  to  complete  the  looping,  yielding  the  following 
equations  for  the  conjectured  optimistic  looping  algorithm  (i^l); 


RP{N)  =  4(l+ni^-i)(yV-l))  l^k^K 


(5-23) 

(5-24) 


(5-25) 

(5-26) 

(5-27) 
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and 


(5-28) 


Z+I^^\N) 

where  the  subscript  (i)  denotes  values  produced  by  i  iterations  from  initial  per¬ 
formance  measure  estimates  superscripted  by  (0).  One  suitable  choice  of  ini¬ 
tial  estimates  uses  those  for  the  optimistic  computation  of  the  PBH  algorithm: 


/?'o)(7V)  =  a{N) 

K 

and 

These  initial  estimates  must  be  calculated  for  population  levels  N  and  A^+1. 
Equation  (5-25)  is  then  applied  to  obtain  the  n^°\A^-l)  values. 


The  looping  used  in  equations  (5-23)  to  (5-28)  is  more  complex  than  that 
used  in  the  previous  looping  algorithms.  Each  iteration  computes  new  perfor¬ 
mance  measure  estimates  for  population  levels  N  and  jV+1.  The  new  estimates 
for  population  level  are  calculated  from  the  old  estimates  for  population 
level  N  using  the  MVA  equations.  The  new  estimates  for  population  level  N  are 
obtained  by  applying  the  MYA  equations  to  performance  measure  estimates  for 
population  level  N-l,  which  are  calculated  using  the  assumption  that  the 
changes  in  mean  residence  times  in  going  from  N  to  N-l  customers  are  the 
same  as  those  in  going  from  N+1  to  N  customers. 


Note  that  this  looping  requires  two  applications  of  the  MVA  equations  in 
each  iteration.  Therefore,  an  iteration  of  the  conjectured  optimistic  looping 
algorithm  is  about  twice  as  expensive  as  an  iteration  of  one  of  the  previous 
looping  algorithms. 


.AJthough  empirically  the  looping  algorithm  presented  here  yields  optimis¬ 
tic  performance  measure  estimates,  this  has  not  been  proved. 
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Conjecture: 

The  population  level  N  mean  queue  length  estimates  obtained  by  iterating 
using  equations  (5-23)  to  (5-28),  from  the  given  initial  performance  measure 
estimates,  are  majorized  by  the  exact  mean  queue  lengths. 

Discussion: 

The  major  analytic  result  supporting  this  conjecture  is  that  the  use  of  the 
exact  performance  measures  as  initializations  yields,  after  one  iteration,  popu¬ 
lation  level  N  mean  queue  length  estimates  that  are  majorized  by  the  exact 
mean  queue  lengths.  This  result  is  a  consequence  of  lemma  5.9,  which  implies 
that  the  approximate  population  level  N-1  mean  queue  lengths  produced  from 
such  initial  estimates  are  majorized  by  the  exact  mean  queue  lengths,  and  of 
the  fact  that  the  MVA  equations  preserve  majorization. 

5.3.3.  An  Example 

Table  5.3  gives  performance  measures  3delded  by  the  conjectured  optimis¬ 
tic  looping  algorithm  for  the  queueing  network  of  table  3,1,  for  a  population  of 
50  customers.  Both  the  performance  measures  obtained  after  5  iterations,  and 
the  performance  measures  at  convergence  (which  required  about  10  iterations 
for  the  precision  used  in  the  table)  are  shown.  The  exact  performance  meas¬ 
ures  are  given  for  comparison. 

Note  that  the  performance  measures  produced  by  the  conjectured  optimis¬ 
tic  looping  algorithm  are  more  accurate  than  those  produced  by  the  optimistic 
looping  algorithm  of  the  previous  section  (table  5.2).  Another  comparison  that 
can  be  made  is  between  the  performance  measures  produced  after  5  iterations, 
and  the  level  5  performance  measures  of  the  optimistic  computation  of  the 
basic  single  closed  class  PBH  algorithm.  In  this  example,  and,  empirically,  in 
general,  the  latter  performance  measures  are  only  marginally  more  accurate. 
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System.  Performance  Measures 

System  Throughput 

Mean  System  Residence  Time 

5  Iter.  Conv. 

Exact 

5  Iter. 

Conv. 

Exact 

2.93  2.92 

2.92 

2.07 

2.14 

2.15 

Fixed-Rate  Service  Center  Performance  Measures 

Service 

.Mean  Residence  Time 

Mean 

Queue  Length 

Utilization 

Center 

5  Iter. 

Conv. 

Exact 

5  Iter. 

Conv, 

Exact 

5  Iter. 

Conv. 

Exact 

.74 

.80 

.81 

2.15 

2.33 

2.35 

.73 

.73 

.73 

2 

.45 

.45 

.46 

1.31 

1.33 

1.33 

.59 

.58 

.58 

1  rs 

;  ^ 

.33 

.33 

.33 

.95 

.95 

.95 

.50 

.50 

.50 

4 

.29 

.29 

.29 

.86 

.85 

.85 

.47 

.47 

.47 

5 

.10 

.10 

.10 

.30 

.30 

.30 

.23 

.23 

.23 

6 

.07 

.07 

.07 

.21 

.21 

.21 

.18 

.18 

.17 

? 

.06 

.06 

.06 

.17 

.17 

.17 

.15 

.15 

.15 

L-B 

.03 

.03 

.03 

.10 

.10 

.09 

.09 

.09 

.09 

Delav  Service  Center  Pei:fQrniaa.Qe  Measures 

Mean  Queue  Length 

5  Iter. 

Conv. 

Exact 

43.94 

43.76 

43.74 

Conjectured  Optimistic  Looping  Algorithm  Performance  Measures 
for  ein  Excimple  Queueing  Network 


Table  5.3 


For  example,  the  mean  system  residence  time  value  yielded  by  the  optimistic 
looping  algorithm  is  the  same  (to  the  precision  shown  in  the  table)  as  that 
yielded  by  the  optimistic  PBH  computation. 

5.4.  A  Looped  Single  Closed  Class  Performance  Bound  Hierarchy  Algorithm 
5.4.1.  Motivation 

A  LPBH  algorithm  uses  the  looping  algorithms  of  the  previous  sections 
■when  obtaining  initial  performance  measure  estimates.  However,  the  single 
closed  class  PBH  algorithm  itself  could  be  applied  to  yield  more  accurate  initial 
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estimates  at  the  same  or  at  a  lower  cost.  This  is  illustrated  in  table  5.4,  which 
collects  results  from  tables  3.2,  5.1,  5.2  and  5.3.  The  PBH  bounds  have  the  same 
or  a  lower  cost  than  those  of  the  looping  algorithms  (see  subsection  5.4.5). 


System  Throughout 

Pessimis 

tic  Bounds 

Exact 

0 

otimistic  Bounds 

Looping 
(5  iter.) 

PBH 

(Level  5) 

PBH 

(Level  5) 

Conj.  Looping 
(5  iter.) 

Looping 
(4  iter.) 

2.87 

2.09 

2.92 

2.93 

2.93 

2.98 

'  ' 

Mean  System  Residence  Time 

Pessimis 

tic  Bounds 

Exact 

0 

otimistic  Bounds 

Looping 
(5  iter.) 

PBH 

(Level  5) 

PBH 

(Level  5) 

Conj.  Looping 
(5  iter.) 

Looping 
(4  iter.) 

2.44 

2.33 

2.15 

2.07 

2.07 

1.77 

A  Comparison  Between  Looping  Algorithms  cind  the  PBH  Algorithm 

Table  5.4 

An  advantage  of  looping  algorithms,  which  compensates  for  their  lesser 
accuracy  and  motivates  their  development,  is  that  there  is  no  computational 
cost  penalty  in  not  choosing  in  advance  the  numiber  of  iterations  to  be  per¬ 
formed.  This  allows  the  number  of  iterations  to  be  chosen  dynamically,  based 
upon  the  tightness  of  the  bounds  produced  at  each  iteration.  With  the  PBH 
algorithm,  especially  the  non-symbolic  formulation,  the  bound  level  must  be 
chosen  in  advance  if  the  computational  cost  penalty  incurred  in  computing 
bounds  of  multiple  levels  is  to  be  avoided. 

5.4.2.  Algorithm  Definition 

A  LPBH  algorithm  can  be  constructed  using  the  pessimistic  looping  algo- 
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rithm  of  section  5.1,  and  either  the  optimistic  looping  algorithm  of  section  5.2, 
or  that  of  section  5.3.  Since  it  is  only  a  conjecture  that  the  latter  algorithm 
yields  optimistic  performance  measure  estimates,  the  optimistic  looping  algo¬ 
rithm  of  section  5.2  will  be  used  here. 

The  resulting  single  closed  class  LPBH  algorithm,  when  applied  to  queueing 
networks  with  no  open  classes,  has  two  computational  phases.  In  the  first 
phase,  initicd  performance  measure  estimates  for  population  level  N-i,  where  i 
is  the  chosen  bound  level,  are  computed  using  the  pessimistic  and  optimistic 
looping  algorithms.  In  the  second  phase,  both  pessimistic  and  optimistic  per¬ 
formance  measure  estimates  are  calculated  for  successively  higher  population 
levels,  until  population  level  N  is  attained,  starting  from  the  pessimistic  and 
optimistic,  respectively,  initial  estimates  for  population  level  N-i.  The  equa¬ 
tions  used  in  the  second  phase  may  be  those  of  either  the  modified  or  the  basic 
single  closed  class  PBH  algorithm;  for  clarity,  the  equations  of  the  basic  PBH 
algorithm  will  be  used  here. 

The  first  phase  provides  a  tradeoff  between  computational  effort  and  accu¬ 
racy,  since  any  number  of  iterations  may  be  used  in  the  two  looping  algorithms. 
Although  the  number  of  iterations  need  not  be  the  same,  for  clarity  attention 
will  be  restricted  to  the  case  in  which  there  is  a  common  looping  algorithm 
iteration  level.  With  each  looping  algorithm,  iterations  are  performed  until 
either  convergence  occurs,  or  the  iteration  level  is  atteiined.  To  facilitate  com¬ 
parison  with  the  PBH  algorithm,  an  iteration  level  of  I  allows  I  iterations  in  the 
pessimistic  looping  algorithm,  but  only  l-\  iterations  in  the  optimistic  looping 
algorithm. 

The  looping  algorithm  iteration  level  can  be  chosen  dynamically,  depend¬ 
ing  on  the  tightness  of  the  initial  performance  measure  estimates  being  pro¬ 
duced.  The  bound  level,  which  provides  a  tradeoff  between  computational  effort 
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and  accuracy  in  the  second  computational  phase,  can  also  be  chosen  dynami¬ 
cally,  but  it  is  computationally  efficient  to  do  so  only  -when  using  the  symbolic 
formulation  of  the  algorithm  (presented  in  subsection  5.4.4). 

The  pessimistic  and  optimistic  looping  algorithms  produce  initial  mean 
queue  length  estimates  that  respectively  majorize  and  are  majorized  by  the 
exact  mean  queue  lengths.  Since  the  MVA  equations  preserve  majorization,  the 
mean  queue  lengths  produced  after  i  applications  of  these  equations  starting 
from  the  initial  estimates  produced  by  the  looping  algorithms  also  respectively 
majorize  and  are  majorized  by  the  exact  mean  queue  lengths.  Theorem  5.6 
utilizes  this  fact  to  establish  bounding  relationships  between  the  performance 
measures  produced  by  the  LPBH  algorithm,  and  the  exact  performance  meas¬ 
ures.  (Theorem  3.3  cannot  be  applied  directly  here  since  the  pessimistic  initial 
mean  queue  length  estimates  do  not  necessarily  bottleneck  majorize  the  exact 
mean  queue  lengths.)  In  the  theorem,  the  superscript  (i)  refers  to  the  bound 
level  (the  looping  algorithm  iteration  level  is  not  explicitly  indicated),  and  the 
subscripts  UB  and  LB  denote  upper  and  lower  bounds,  respectively,  as  obtained 
from  the  LPBH  algorithm  as  detailed  in  the  theorem. 

Theorem  5.8: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that 
\<k<K-l.  For  Af^l, 

[Primary  Performance  Measures] 

Ri^L{N)  >  R{N)  ^  maj:[R^^{N)  ,  a(7V)]  (5-29) 

(5-30) 

4^(/V)4  ^  (5-31) 

[Secondary  Performance  Measures] 


z+rMn) 
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X>S(.N)Z  a  rtK,i{N)  a  ni>A  pess  (JV) 


(5-32) 


k  =  \ 


(5-33) 


tRi%s.lN) 

k  =  l 


>  Rj{N)  >  mcLr  [nl%^{N)  ^ 


Proof; 


The  primary  performance  measure  bounds,  and  the  bounds  in  relation  (5- 
32).  follow  directly  from  the  correctness  of  the  bound  a{N)  and  from  the  major- 
ization  relationships  among  the  optimistic,  pessimistic,  and  exact  service 
center  mean  queue  lengths.  (The  proof  is  the  same  as  that  used  in  theorem  3.3 
for  the  lower  bound  on  the  mean  system  residence  time,  and  the  upper  bounds 
on  the  system  throughput,  delay  service  center  mean  queue  length,  and  fixed- 
rate  service  center  utilizations.) 

The  derivation  of  the  secondary  performance  measure  bounds  that  use 
U^')jb{N)  (1<A:<A0  is  identiced  to  that  of  the  corresponding  bounds  in  theorem 
3.3.  The  trivial  lower  bounds  in  relations  (5-33)  and  (5-34)  follow  from 
nj{N)  ^  Uj{N),  and  Rj{N)  ^  Lj,  respectively.  The  remaining  bounds  in  relation 
(5-33)  follow  directly  from  (using  the  majorization  relationships) 


^  rij-  (TV)  >  {R)  — ^ 
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and  (applying  relation  (3.2-3)  in  lemma  3.2) 

i  W  ^  {N)  >  ^  ( A^)  1<;  <K 

k  =  l  k  =  l  *  =  1 

The  remaining  bounds  in  relation  (5-34)  are  derived  by  applying  Little’s  equa¬ 
tion  to  relation  (5-33).  ■ 

For  queueing  networks  with  open  customer  classes,  in  addition  to  the  one 
closed  class,  LPBH  bounds  for  the  closed  class  are  obtained  by  applying  the 
algorithm  to  the  closed  queueing  network  with  inflated  closed  class  loadings. 
LPBH  bounds  for  each  open  class  s  can  be  obtained  from  the  closed  class  per¬ 
formance  measure  bounds  as  is  done  in  the  PBH  algorithm  (theorem  3.5), 
except  that  iq  must  be  taken  as  the  minimum,  over  the  fixed-rate  service 
centers  visited  by  the  closed  class,  of  the  class  s  inflated  loadings. 

5.4.3.  An  Sample 

Table  5.5  gives  the  bound  level  0,  looping  algorithm  iteration  level  5,  LPBH 
bounds  for  the  example  queueing  network  of  table  3.1,  for  a  population  of  50 
customers.  In  figure  5.1,  LPBH  bounds  on  system  throughput  and  mean  system 
residence  time  are  shown  over  a  range  of  workload  intensities.  Level  0  and 
level  1  bounds  are  shown;  a  looping  algorithm  iteration  level  of  5  was  used  for 
both.  Analogous  results  for  the  PBH  algorithm  are  given  in  table  3,2  and  figure 
3.1. 

5.4.4.  Symbolic  Formulation 

To  obtain  primary  performance  measures,  the  symbolic  formulation  of  the 
LPBH  algorithm  utilizes  three  major  equations:  one  for  the  pessimistic  looping 
algorithm,  one  for  the  optimistic  looping  algorithm,  and  one  for  the  final  pes¬ 
simistic  and  optimistic  computations.  The  latter  equation  is  exactly  that  used 
in  the  symbolic  formulation  of  the  PBH  algorithm; 
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Level  1 


N 

IPBH  Bounds  on  System  Throughput  and  Mean  System  Residence  Time 
for  an  Example  Queueing  Network 


Pigure  5. 1 
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System  Bounds 

System  Throughput 

Mean  System  Resid 

ence  Time 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

2.98 

2.92 

2.87 

2.44 

2.15 

1.77 

Fixed-Rate  Service  Center  Rounds 

Service 

Center 

Mean  Residence  Time 

Mean 

Queue  Length 

Utilization 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower  1 

1 

.98 

.81 

.39 

2.93 

2.35 

1.18 

.75 

.73 

.72 

2 

.50 

.46 

.23 

1.48 

1.33 

.69 

.60 

.58 

.57 

3 

.34 

.33 

.20 

1.03 

.95 

.59 

.51 

.50 

.49 

4 

.31 

.29 

.19 

.91 

.85 

.58 

.48 

.47 

.46 

5 

.11 

.10 

.08 

.31 

.30 

.23 

.24 

.23 

.23 

6 

.07 

.07 

.06 

.22 

.21 

.17 

.18 

.17 

.17 

7 

.06 

.06 

.05 

.18 

.17 

.14 

.15 

.15 

.14 

6 

.03 

.03 

.03 

.10 

.10 

.09 

.09 

.09 

.09 

Delay  Service  Center  Bpuads 


Mean  Queue  Length 

Upper 

Exact 

Lower 

44.73 

43,74 

43.00 

Bound  Level  0,  Iteration  Level  5  LPBH  Bounds  for  an  Example  Queueing  Network 

Table  5.5 


--(n -p)  j>l  (5-35) 

where 

yf^U-n.p)  =  ^  + 

*=1 

and 

VilK-n.p)  =  f  £^“‘^iPii(n-p  +  l) 

*  =  1 

Equation  (5-35)  is  used  to  compute  ^lp^ess(-/'^-l)  starting  from 

^pess(^'P)  ^op^i'^’P)  quantities,  respectively,  such  that  (JV—l)-i=n  -p 
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(l^p<i  +  l).  These  latter  quantities  are  given  by 

fc  =  l 

and 


«^Kn.p)  =  f  =  vlr\N-i.p) 

k-\ 

where  Lp^  and  denote  the  number  of  iterations  used  in  the  pessimistic  and 
optimistic  looping  algorithms,  respectively, 


k  =  \ 

(where  the  superscript  (m)  now  denotes  quantities  yielded  by  m  looping  algo¬ 
rithm  iterations)  and 

Kp\N^.q)=  ^ 

*=1 

(l^p^'i  +  1)  is  computed  iteratively  using,  forTn^l, 


q)  =  +  Ip?? (N-i-l) 

W(W-a.c/)  L  + 


(5-36) 


'^pess 


starting  from  )  quantities  such  that  +  l+ip„s.  Equation  (5-36) 

is  derived  from  the  equations  defining  the  pessimistic  looping  algorithm.  From 
the  choice  of  initial  performance  measure  estimates. 


'i'JKW-i.s)  =  ir'MW-i) 

(l<p<i4-l)  is  computed  iteratively  using,  for  mS,!. 

r  [N^+q ) 

i'i^-'HN-i.q  -1-1)-  ,  Aig-‘>(W-r) 

t4'?’(A'-i.g)  =  L<’>  +  - - (yV-i-lX5-37) 

Z+ ^4"? .  1)  -  2^;— (S-'l(  W-i ) 

where 


starting  from  VjpliN-i.q)  quantities  such  that  +  l  +  .  Equation  (5- 


37) 


IS  derived  from  the  equations  defining  the  optimistic  looping  algorithm.  From 


-  153  - 


the  choice  of  initial  performance  measure  estimates, 

for  bound  level  i,  Ip^gs  pessimistic  looping  algorithm  iterations,  and  l^pt 
optimistic  looping  algorithm  iterations,  must  be  calculated  for 

l<p<i+77iar  [fpess  .  ^opi  +  1].  and  must  be  calculated  for  -l^p:<i-^-l  +  Lopt . 

For  queueing  netTvorks  with  many  fixed-rate  service  centers,  this  is  the  dom¬ 
inant  computational  requirement  of  the  symbolic  formulation  of  the  LPBH  algo¬ 
rithm.  The  major  advantage  of  the  symbolic  formulation  is  that  these  computa¬ 
tions  can  be  performed  in  a  separate  initial  step.  This  allows  the  bound  level  to 
be  chosen  dynamically,  although  there  is  a  relatively  small  computational 
penalty  in  so  doing,  and  reduces  the  expense  of  calculating  bounds  for  multiple 
population  levels.  The  computational  costs  of  the  two  formulations  will  be  con¬ 
sidered  in  detail  in  subsection  5.4.5. 

To  obtain  secondary  performance  measures  for  each  fixed-rate  service 
center  k  of  interest,  three  major  additional  equations  are  required:  one  for  the 
pessimistic  looping  algorithm,  one  for  the  optimistic  looping  algorithm,  and  one 
for  the  final  pessimistic  and  optimistic  computations.  The  latter  equation  is 
exactly  that  used  in  the  symbolic  formulation  of  the  PBH  algorithm: 

=  (5-3B) 

where  W,^^^ess{'rt,p)  =  +  and  + 

Equation  (5-3B)  is  used  to  compute  Wji[pess(A'’.l)  and  lf*f^op£(A^,  1),  starting  from 
+  and  respectively.  These  latter  quantities  are  given 

by 

and 
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where  (7V-^)  (again,  the  superscript  {m)  now  denotes 

quantities  yielded  by  m  looping  algorithm  iterations)  and 
=  Lr'Rt%{N-i). 

+  is  computed  iteratively  using,  for 


(5-39) 

starting  from  Vi(^ess(A^“'^.^  +  l+^ess)-  From  the  choice  of  initial  performance 
measure  estimates. 


V'i'ile.^CA'-i.i  +  l+W)  = 


.i+L 


u  ^•”b{N-i)  (or  k=b 
0  for  ^ 


Ft  (^“^.^+1)  is  computed  iteratively  using,  for  m>l. 


=  /.<’>  +  - - (Af-x-1)  (5-40) 

v47-‘)(jv-i.  1)-  Al8-»(w-i) 

starting  from  ^A[%£(A^^.'i  +  l+iopi)'  From  the  choice  of  initial  performance 
measure  estimates. 


a(yV’-i-l) 

Z +0.  {N—i  — l) 


(N-i-D) 


5.4.5.  Computational  Cost 

Table  5.6  summarizes  results  concerning  the  computational  complexity  of 
both  the  symbolic  and  the  non-symbolic  formulations  of  the  LPBH  algorithm. 
The  quantities  given  are  the  dominant  terms  in  the  space  and  time  complexi¬ 
ties  of  computing  bound  level  i  LPBH  performance  measures  (either  pessimis¬ 
tic.  optimistic,  or  both)  with,  where  applicable,  Lj^ss  pessimistic  looping  algo¬ 
rithm  iterations,  and  igpi  optimistic  looping  algorithm  iterations.  In  the  table. 
^max  denotes  maxlLp^^  .  ^opt+l]- 

The  derivation  of  these  complexities  is  similar  to  the  derivation  of  the 
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 Non-svmbolic  Formu 

ation 

Pessimistic 

Optimistic 

Both 

Time 

A:K(ir  +Zpess) 

4:Ki  +  6KLopt 

Sift  +4  AZpgss  +6AZop< 

Space 

K 

ZK 

ZK 

gyrubglic  Fprinulal 

lion 

Pessimistic 

Optimistic 

Both 

Time 

(l.  +Zj5ggs  )  -I- 

[2A'('i+Zpess)]  + 
Zk  (i  +Zpgss ) 

(Z  "tZgp^  (Si+Zopf )  + 

UK{i^lopt)]  + 

Zk  {i+lopt)+2klopt 

(i  +Zpgss  +Zoj5< 

[ZK{i  +l'max)'^^K{i+lopt)]  + 

Zk  {i+LpQss)+Zk  {i+lgpt)  +  Zklgpt 

Space 

2('i  +Zj,g5s ) 

k  (i  '^Ipess') 

3{i+lopi)+k  {i+lopi)  + 
klgpt 

2(i  ^Tnax  )  ’^^opt  )'^ 

(i  4*  ^jruix  )  ^^opt 

k  -  number  of  fixed-rate  service  centers  for  which 
secondary  performance  measures  are  required 


The  Computational  Cost  of  the  LFBH  Algorithm 

Table  5.6 


corresponding  quantities  for  the  single  closed  class  PBH  algorithm.  In  fact,  the 
complexity  of  computing  bound  level  i  pessimistic  LPBH  performance  measures 
with  I  pessimistic  looping  algorithm  iterations  is  the  same  as  that  of  computing 
bound  level  i+Z  pessimistic  PBH  performance  measures.  Optimistic  LPBH  per¬ 
formance  measures  are  more  costly  due  to  the  increased  complexity  of  the 
optimistic  looping  algorithm.  The  per-iteration  time  complexities  of  the  non- 
symbolic  and  symbolic  formulations  of  the  optimistic  looping  algorithm  are 
higher  by  ZK  and  2,  respectively.  In  addition,  the  non-symbolic  and  s^mibolic 
formulations  require  additional  storage  for  the  and 

+  values,  respectively.  (The  space  complexity  of  the  symbolic 

formulation  is  also  increased  by  the  need  to  store  values,  for 
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i  +  l^q^i  +  l+lgpt ,  when  obtaining  secondary  performance  measures  for  service 
center  k .)  Finally,  the  computation  of  the  values  makes  a  significant 

contribution  to  the  time  complexity. 

If  bounds  at  multiple  bound  hierarchy  levels  are  computed,  the  symbolic 
formulation  of  the  LPBH  algorithm  does  not  have  to  repeat  the  computations 
represented  by  the  terms  in  square  brackets  in  table  5.6,  while  the  non- 
symbolic  formulation  must  repeat  everything.  There  are  also  computational 
savings  with  the  symbolic  formulation  if  bounds  for  the  same  queueing  network 
with  different  population  levels  are  computed,  as  the  computations  represented 
by  the  2A'(t+fpess)  2K{i+lmax)  terms,  and  2K(i+lopt)  of  the  4A'(i+iopi)  term, 
do  not  have  to  be  repeated.  The  primary  disadvantage  of  the  symbolic  formula¬ 
tion  is  the  cost  of  obtaining  secondary  performance  measures  for  more  than  a 
few  of  the  queueing  network  service  centers. 

5.4.6.  Algorithm  Accuracy 

The  accuracy  of  the  single  closed  class  LPBH  algorithm  has  been  studied  by 
applying  the  algorithm  to  the  queueing  networks  used  in  testing  the  single 
closed  class  PBH  algorithm.  Each  queueing  network  was  analyzed  with  four 
population  sizes;  these  were  chosen  to  be  the  smallest  populations  that  yielded 
exact  bottleneck  service  center  utilizations  of  at  least  50%.  70%.  66%  and  95%. 
For  looping  algorithm  iteration  levels  of  3,  5,  7  and  50,  level  0  LPBH  bounds 
were  obtained  for  each  queueing  network  for  each  of  its  population  levels. 
(Recall  that  the  iteration  level  only  sets  a  limit  on  the  number  of  iterations  to 
be  performed;  fewer  iterations  are  performed  if  convergence  occurs  before 
reaching  the  limit.)  Over  each  of  several  chosen  groupings  of  tests,  the  max¬ 
imum  and  the  average  of  the  maximal  errors  for  system  throughput  and  mean 
system  residence  time  were  computed  for  each  looping  algorithm  iteration 


level. 
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Table  5.7  summarizes  the  results  for  the  192  combinations  of  queueing 
network  and  bottleneck  service  center  utilization.  Note  that  the  maximum  and 
the  average  of  the  maximal  errors  decrease  with  increasing  looping  algorithm 
iteration  level.  Also,  they  are  higher  for  the  mean  system  residence  time  than 
for  the  system  throughput. 

In  tables  5.8  to  5.11,  only  the  level  0  bounds  obtained  with  a  looping  algo¬ 
rithm  iteration  level  of  5  are  considered.  In  each  table,  a  particular  parameter 
has  been  chosen  (respectively,  the  exact  bottleneck  utilization,  the  delay  ser¬ 
vice  center  loading,  the  fixed-rate  service  center  loading  distribution  skewness, 
and  the  number  of  fixed-rate  service  centers),  and  the  behavior  of  the  maximal 
errors  to  parameter  changes  has  been  illustrated.  This  behavior  is  usually 
quite  similar  to  that  exhibited  by  the  PBH  algorithm  (tables  3.7  to  3.11).  The 
maximum  and  the  average  of  the  maximal  errors  increase  as  the  skewness 
increases  and  as  the  exact  bottleneck  utilization  increases.  (This  last  effect  is 
dependent  on  the  bound  and  iteration  level  and  on  the  range  of  utilizations  con¬ 
sidered.  As  in  the  PBH  algorithm,  the  maximal  errors  are  asymptotically  zero 
as  the  queueing  network  population  increases.)  The  maximum  and  the  average 
of  the  maximal  errors  in  the  mean  system  residence  time  increase  as  the  delay 
service  center  loading  increases,  while  increasing  and  then  decreasing  for  the 
system  throughput.  Finally,  the  average  maximal  errors  decrease  as  the 
number  of  fixed-rate  service  centers  increase,  while  the  maximum  maximal 
errors  increase.  This  behavior  is  somewhat  different  than  that  exhibited  by  the 
PBH  algorithm,  and  is  likely  due  to  the  properties  of  the  optimistic  looping  algo¬ 


rithm. 
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Looping  Algorithm 
Iteration 

Level 

Maximal  Errors  (%) 

J^(N)  Aver. 

R(N)  Max. 

XiN)  Av?r. 

X(N)  Max. 

3 

11.4 

38.8 

3.8 

0.3 

5  ' 

7.3 

31.2 

2.4 

5.7 

7 

5.1 

27.7 

1.7 

4.0 

50 

hi 

15.5 

0.6 

2.9 

Maximal  Eirors  for  a  Range  of  Looping  Algorithm  Iteration  Levels 

Table  5.7 


Bottleneck 

Utilization 

Maximal  Errors  fLoooine  Algorithm  Iteration  Level  of  51  (%) 

RiN)  Aver. 

RiN)  Max. 

XiN)  Aver. 

XiN)  Max. 

i  .50 

1.4 

4.1 

0.4 

1.4 

1  .70 

5.0 

13.7 

1.3 

3.2 

.05 

10.5 

28.6 

3.1 

4.5 

1  .95 

12.2 

31.2 

4.7 

5.7 

Maximal  Errors  for  a  R£inge  of  Bottleneck  Utilizations 

Table  5.8 
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Delay 

Service  Center 
Loadina 

Maximal  Errors  (Looping  Algorithm  Iteration  Level  of  5)  (%) 

RiN).hy^r. 

.R(N)  Max. 

X(N)  Aver, 

X(N)  Max, 

0 

2.3 

5.1 

2.3 

5.1 

10 

10.1 

22,2 

2.6 

5.7 

20 

14.4 

31.2 

2.3 

5.5 

Maxmial  Errors  for  a  Range  of  Delay  Service  Center  Loadings 

Table  5.9 


Loading 
Skewness 
(value  of  nl 

Maximal  Errors  (Looping  Algorithm  Iteration  Level  of  5)  (%) 

..RiN\Ay^r. 

R(N)  Max. 

X(N)  Aver. 

X(N)  Max, 

0.5 

6.1 

24.0 

2.1 

5.4 

1.0 

7.4 

29,3 

2.4 

5.6 

2.0 

6.3 

31.2 

2.6 

5.7 

Maximal  Errors  for  a  Range  of  p  Values 

Table  5.10 


Number 

Maximal  Errors  (Looping  Algorithm  Iteration  Level  of  5)  (%) 

of  Fixed-Rate 

Service  Centers 

RiN)  Aver, 

R(N)  Max. 

X(N)  Aver, 

X(N)  Max, 

20 

7.6 

30.5 

2.4 

5.6 

60 

7.0 

31.2 

2.3 

5,7 

Maximal  Errors  for  two  Different  Queueing  Network  Sizes 

Table  5.11 
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5.5.  A  Looped  Multiple  Closed  Class  Performance  Bound  Hierarchy  Algorithm 


5.5.1.  The  Looping  Algorithm 

The  looping  algorithm  that  is  utilized  by  the  multiple  closed  class  LPBH 
eilgorithm  is  based  on  the  following  equation  giving  the  population  level 
class  r  mean  queue  length  at  a  fixed-rate  service  center  k  in  terms  of  that  for 
population  level  N: 

rikri^-^s)  = 

This  equation  is  derived  from  the  Convolution  solution  algorithm  expressions 
for  system  throughput  and  mean  queue  length  [Zahorjan  80],  To  be  useful  in  a 
looping  algorithm,  the  class  s  system  throughput  in  the  queueing  network 
resulting  from  the  addition  of  a  service  center  with  loadings  identical  to  those 
of  service  center  k  must  be  replaced  by  an  approximation  to  this 

quantity.  Utilizing  Little’s  equation,  and  the  level  0  multiple  closed  class  PBH 
algorithm  upper  bound  on  mean  system  residence  time  (distinguished  by  the 
subscript  UB  and  the  superscript  yields  the  following  approximation: 


N,-6, 


rtkriN) 


The  multiple  closed  class  PBH  algorithm  equations  are  used  to  complete  the 
looping,  yielding,  for  seC  and  i>l. 


reC 


fc=l  reC 

*  =  l  rGC 


(5-42) 

(5-43) 

(5-44) 

(5-45) 

(5-46) 

(5-47) 


and 


7Vpc«v^v  e,;  Zr+RrVK^-^s)^  "  "" 


(5-48) 


where  the  superscript  (i)  denotes  level  i  multiple  class  looping  algorithm  quan¬ 
tities  produced  from  initial  performance  measure  estimates  superscripted  by 
(0),  is  defined  as  in  the  multiple  closed  class  PBH  algorithm  (equation 

(4-7)),  and  tjB  and  L!^  ib  are  chosen  to  be  the  maximum  and  the  minimum, 
respectively,  over  the  fixed-rate  service  centers  visited  by  class  r,  of  the  class  s 
loadings.  Equations  (5-46)  to  (5-46)  utilize  level  0  multiple  closed  class  PBH 
algorithm  bounds;  these  bounds  could  be  replaced  with  others  if  desired.  In  the 
numerical  tests  and  examples  of  the  LPBH  algorithm  that  will  be  presented 
here,  a  tighter  bound  was  used  in  place  of  i-ri  equation  (5-47).  This 

bound  was  derived  by  calculating  the  level  1  PBH  lower  bound  with  iq  chosen 
as  in  the  looping  algorithm,  and  with  used  in  place  of 

One  suitable  choice  of  initial  estimates  for  each  class  s  uses  those  for  the  PBH 
algorithm; 


=  0 


(5-49) 

(5-50) 


and 


(5-51) 

For  each  class  r.  7T.^[,pU^“^s)-  '^pess(-''^~^s)-  dJiid  n -^s)  {l^k^K),  are  com¬ 
puted  using  equations  (5-46)  to  (5-40). 

It  is  proved  in  theorem  5.7  that  the  chosen  initial  performance  measure 
estimates  guarantee  convergence  to  a  solution  of  the  multiple  class  looping 
algorithm  equations.  This  convergence  is  monotonic  in  the  sense  that  each  of 
the  performance  measure  values  produced  at  the  i-t-lst  iteration  lies  in  the 
interval  defined  by  that  produced  at  the  ith  iteration  and  that  of  the  exact  solu¬ 
tion  to  the  equations. 
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Theorem  5.7: 

The  initial  performance  meeisure  estimates  given  by  equations  (5-49)  to 
(5-51)  guarantee  monotonic  convergence  to  a  solution  of  the  multiple  class 
looping  algorithm  equations. 

Proof: 

It  is  sufficient  to  establish  that,  for  all  i>0.  seC. 

k  =  \  A:  =  l 

and 

fc  =  l  Jb=l 

where  7i^j,Vss(jV)  and  n^^opti^)  are  defined  as  in  the  PBH  algorithm  (equations 
(4-5)  and  (4-6)). 

These  relations  are  established  for  i=0  by  noting  that 
7i^){N)  =  0^ni^\N),  and  R,%{N)  ^  The 

theorem  then  follows  from  lemma  5.10  in  appendix  5.A.  which  implies  that  the 
optimistic  and  pessimistic  properties  of  a  mean  queue  length  allocation  and  its 
associated  heaps  are  preserved  by  the  multiple  class  looping  algorithm  equa¬ 
tions.  ■ 

It  is  shown  in  theorem  5.0  that  the  performance  measures  yielded  by  the 
multiple  class  looping  algorithm  are  suitable  as  initial  performance  measure 
estimates  for  the  multiple  closed  class  PBH  algorithm.  In  particular,  it  is 
proved  that  the  resulting  mean  queue  length  allocation,  in  comparison  to  the 
exact  mean  queue  length  allocation,  is  heap-optimistic  and  heap-pessimistic  in 
conjunction  with  its  optimistic  and  pessimistic  heaps,  respectively  (where  the 
exact  allocation  is  treated  as  having  heaps  equal  to  zero). 
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Theorem  5.8: 

For  i^O,  sgC, 

^ (5-52) 
5’^jts(^)  (5-53) 

fc=i  fc=i 

and 

0)  +  2  ^  E  ^/ts  (^0  (5-54) 

*  =  1  k  =  l 

Proof: 

The  proof  is  by  induction  on  i. 

For  i=0,  the  theorem  holds  from  the  choice  of  the  initial  performance 
measure  estimates.  Assume  that  the  theorem  holds  for  i,  and  consider  the 
theorem  for  i-l-1  (i>0).  Relation  (5-53)  will  be  established  if  it  can  be  shown 
that,  for  each  s  eC, 

^  (5-55) 

which  reduces  to,  using  equation  (5-44)  and  the  definition  of  ./^(i^). 


Jt  =  l  reC  fc  =  l 

From  equation  (5-42)  and  the  MVA  mean  residence  time  equation,  this  relation 

K 

can  be  expanded  to  yield,  after  regrouping  terms  and  canceling  E -^fcs  from 


both  sides  of  the  relation, 


fc=i 


E  ^  r^%s{N-S,)  >  E  E  -  ng\N-Ss))  (5-56) 

r€C  reCJfc=l 

From  the  inductive  hypothesis  on  relation  (5-54),  Iri  conjunc¬ 

tion  with  the  inductive  hypothesis  on  relation  (5-52),  and  the  correctness  of  the 
PBH  algorithm,  this  yields 


Ns -6,^ 

Ns 


Zs+Rs{N) 

Z,+R,^‘^{N-Sr) 


TT-kri^)  ^ 


Ns  ^TS 

Ns 


Zs+Rs%t{N) 

Zs+Rs^^J^^^^KN-ir) 
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Using  equation  (5-41)  in  conjunction  with  Little's  equation,  and  equation  (5-46), 
this  last  relation  yields 

TT-krii^-^s)  ^  (5-57) 

implying  that  each  term  in  the  double  summation  on  the  right-hand  side  of 

relation  (5-56)  is  non-negative.  These  terms  represent  an  allocation  of  a  heap 
for  each  class  r,  given  by  to  the  fixed-rate  ser- 

k=l  k=l 

vice  centers.  Since,  by  construction.  yg  is  an  upper  bound  on  the  mean 
class  s  loading  when  encountering  customers  from  the  class  r  heap,  the  rela¬ 
tion  holds  if  it  holds  with  replaced  by  yg.  Making  this  substitution, 
separating  the  terms  corresponding  to  each  class,  and  simplifying,  results  in  a 
relation  that  holds  from  the  correctness  of  the  PBH  algorithm  bound  used  in 
equation  (5-48).  This  establishes  relation  (5-53)  for  i  +  1. 

From  relation  (5-57).  the  MVA  equations,  and  equations  (5-42)  and  (5-45), 
relation  (5-55)  also  establishes  relation  (5-52)  for  i  +  1.  Relation  (5-54)  will  be 
established  for  i+1  if  it  can  be  shown  that,  for  each  seC, 


Rs%Hn)  ^  MN)  (5-58) 

From  relation  (5-55)  and  the  definition  of  ^  /^(/V).  Therefore, 

from  equation  (5-43)  and  the  definition  of  Rs{i^).  relation  (5-58)  will  be  shown  if 

it  can  be  shown  that 

f  +  E  iS-  ifl'v'giCi?-?,)  ^  t 

k=l  re.C  ifc  =  l 

From  equation  (5-42)  and  the  MVA  mean  residence  time  equation,  this  relation 

K 

can  be  expanded  to  yield,  after  regrouping  terms  and  canceling  X! from 

k=\ 

both  sides  of  the  relation, 

reC  reCfc  =  l 

From  relation  (5-57).  each  term  in  the  double  summation  on  the  right-hand 
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side  of  this  last  relation  is  non-negative.  These  terms  represent  an  allocation 

K  K 

of  a  heap  for  each  class  r,  given  by  to  the  fixed- 

k=\  k  =  \ 

rate  service  centers.  Since,  by  construction.  is  a  louver  bound  on  the 

mean  class  s  loading  when  encountering  customers  from  the  class  r  heap,  the 
relation  holds  if  it  holds  with  replaced  by  ig.  Making  this  substitution, 
separating  the  terms  corresponding  to  each  class,  and  simplifying,  results  in  a 
relation  that  holds  from  the  correctness  of  the  PBH  algorithm  bound  used  in 
equation  (5-47).  This  establishes  the  theorem.  ■ 

5.5.2.  The  LPBH  Algorithm  Definition 

The  multiple  closed  class  LPBH  algorithm  has  two  computational  phases. 
In  the  first  phase,  initial  performance  measure  estimates  for  each  population 
resulting  from  the  removal  of  i  customers,  where  i  is  the  desired  bound  level, 
are  computed  using  the  multiple  class  looping  algorithm  of  the  previous  sub¬ 
section.  In  the  second  phase,  performance  measures  for  the  original  popula¬ 
tion  level  are  obtained  by  applying  the  multiple  closed  class  PBH  algorithm 
equations  to  the  initial  estimates  obtained  from  phase  one.  These  equations 
are  applied  with  <jb  chosen  as  previously,  and  ig  chosen  as  the  minimum, 
over  the  fixed-rate  service  centers  visited  by  class  r,  of  the  class  s  loadings. 

The  first  phase  provides  a  tradeoff  between  computational  effort  and  accu¬ 
racy  since  any  number  of  iterations  may  be  used  in  each  application  of  the 
looping  algorithm.  As  with  the  single  closed  class  LPBH  algorithm,  it  will  be 
assumed  that  there  is  ein  iteration  level  that  limits  the  number  of  iterations  to 
be  performed  in  each  application. 

The  iteration  level  can  be  chosen  dynamically,  depending  on  the  tightness 
of  the  initial  performance  measure  estimates  being  produced.  It  is  not  compu¬ 
tationally  efficient  to  choose  the  bound  level  dynamically.  (There  is  no 
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computationally  efficient  symbolic  formulation  of  the  algorithm  that  has  been 
developed.) 


From  theorem  5.B.  and  since  the  optimistic  and  pessimistic  properties  of  a 
mean  queue  length  allocation  and  its  associated  heaps  are  preserved  by  the 
multiple  closed  class  PBH  algorithm  equations,  the  performance  measures 
yielded  by  the  second  computational  phase  satisfy  relations  (4-11)  to  (4-13)  of 
theorem  4.1  (replacing  the  level  i  +  1  performance  measures  by  the  exact  per¬ 
formance  measures).  (Note  that  an  application  of  the  exact  MVA  equations  is 
identical  in  effect  to  an  application  of  the  PBH  algorithm  equations  with  the 
same  mean  queue  length  values,  and  with  zero  heaps.)  Theorem  4.2  can  there¬ 
fore  be  applied,  with  replaced  by  1  for  to  obtain  bounds  on  primary 

and  secondary  performance  measures.  In  queueing  networks  with  open  custo¬ 
mer  classes,  theorem  4.3  can  be  applied  to  obtain  bounds  on  open  class  perfor¬ 
mance  measures. 

The  multiple  closed  class  PBH  algorithm  can  be  extended  to  treat  queueing 
networks  with  load-dependent  service  centers,  as  was  detailed  in  the  previous 
chapter.  The  multiple  closed  class  LPBH  algorithm  can  be  similarly  extended 
by  using  the  PBH  algorithm  equations  required  for  load  dependence  in  the 
second  computational  phase,  and  by  treating  each  load-dependent  service 

{Cjc) 

center  h  as  a  fixed-rate  service  center  with  class  s  loading  - in  the  mul¬ 


tiple  class  looping  algorithm  service  center  mean  residence  time  and  queue 
length  computations  of  the  first  phase.  Also,  in  both  phases  the  computation  of 
and  aj^)(y^),  and  the  choices  of  yg  and  ig,  must  be  modified  to 
reflect  the  presence  of  load-dependent  service  centers;  this  is  done  in  the  same 
manner  as  in  the  PBH  algorithm.  With  these  modifications,  the  multiple  class 
looping  algorithm  yields  all  of  .the  performance  measures  estimates  required 
for  the  second  phase,  except  for  the  p)^{Tn\f])  vadues,  for  l<m<cjk— 2.  for  a 
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load-dependent  service  center  k.  These  latter  values  must  be  taken  as  zero,  as 
in  the  PBH  algorithm. 

5.5.3.  An  Example 

Table  5.12  gives  level  3  LPBH  bounds  for  the  queueing  network  of  table  4.1, 
for  a  class  T  arrived  rate  of  ,1,  3  class  B  customers,  and  35  class  I  customers. 
Empirically,  the  multiple  class  looping  algorithm  converges  very  quickly;  in 
this  example  a  looping  algorithm  iteration  level  of  10  was  used,  and  conver¬ 
gence  had  already  occurred  after  about  7  iterations.  As  in  table  4.2,  results  are 
displayed  using  the  time  unit  choice  for  each  class  that  yields. fixed-rate  service 
center  loadings  of  the  class  that  sum  to  unity.  Using  the  same  time  unit 
choices,  figure  5.2  gives  LPBH  bounds  on  the  class  /  system  throughput  and 
mean  system  residence  time  over  a  range  of  class  /  workload  intensities,  again 
using  a  looping  algorithm  iteration  level  of  10.  Analogous  results  for  the  PBH 
algorithm  ar-e  given  in  table  4.2  and  figure  4.1. 

5.5.4.  Computational  Cost 

Table  5.13  summarizes  results  concerning  the  computational  complexity  of 
the  multiple  closed  class  LPBH  algorithm.  The  quantities  given  are  the  dom¬ 
inant  terms  in  the  space  and  time  complexities  of  computing  level  i  bounds, 
when  an  average  of  I  looping  algorithm  iterations  are  performed  in  the  applica¬ 
tions  of  the  multiple  class  looping  algorithm,  for  population  level  assuming 
that  Nr'^i  for  all  reC.  These  results  follow  directly  from  the  space  complexity 
{K\C\)  and  time  complexity  {6K\C\)  of  an  application  of  the  multiple  closed 
class  PBH  algorithm  equations,  and  the  time  complexity  {6K\  C  \  +K\  C  \^)  of  an 
iteration  using  the  multiple  class  looping  algorithm  equations. 
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System  Throughout,  Bounds 

Class  B 

Class  [ 

Upoer 

Exact 

Lower 

Uoper 

Exact 

Lower 

1.47 

1.44 

1.39 

1.07 

1.06 

1.06 

Mean 

System  Hesidence  Time  Bounds 

Class  T 

Class  B 

Class  f 

Upper  1  Exact  I  Lower 

Upper 

Exact  1  Lower 

Upper  Exact  Lower 

3.27  !  3.09  1  2.98 

2.16 

2.08  !  2.04 

3.11  2.90  2.74 

Fixed-Rate  Service  Center  Utilization  Bounds 

Service 

Class  B 

Class  I 

Total  over  all  classes 

Center 

Upper 

Exact 

Lower 

— 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

1 

.14 

.13 

.13 

.21 

.21 

.21 

.85 

.65 

.84 

O 

.07 

.07 

.06 

.11 

.11 

.11 

,58 

.57 

.57 

3 

18 

.17 

.17 

.05 

.05 

.05 

.57 

57 

.56 

4 

04 

.04 

04 

.27 

27 

26 

.63 

,63 

62 

5 

23 

23 

.22 

.06 

.06 

.06 

.46 

,45 

.44 

6 

.26 

.25 

.24 

.18 

.16 

.18 

.56 

.55 

,54 

7 

.34 

.33 

.32 

.15 

.15 

.15 

.59 

.58 

.57 

8 

.22 

.21 

.21 

.03 

.03 

03 

.31 

.31 

.30 

Fixed-Rate  Service 

Center  Mean  Queue  Lengt 

h Bounds 

Service 

Center 

Class  T 

Class  B 

Class  / 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

Upper 

Exact 

Lower 

1 

3.22 

2.82 

2.63 

.77 

.65 

.59 

1.45 

1.17 

1.04 

2 

1.31 

.93 

.92 

.32 

.15 

.14 

.65 

.25 

.24 

3 

1.05 

.76 

.75 

.52 

.35 

.34 

.52 

.12 

.11 

4 

1.11 

.84 

.83 

.28 

.10 

.10 

1.08 

.69 

.67 

5 

.39 

.28 

.28 

.53 

.36 

.35 

.52 

.11 

.11 

6 

.33 

,25 

.25 

.63 

.48 

.45 

.77 

,38 

.36 

7 

.28 

.22 

.21 

.76 

.62 

.59 

.71 

.32 

.30  1 

6 

.12 

,08 

.08 

.45 

.28 

.27 

.45 

,05 

.04  1 

Level  3  IPBll  Bounds  for  an  Example  Queueing  Network 

Table  5. 1 2 
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Ni 


LPBH  Bounds  on  Class  I  System  Throughput  and  Mean  System  Residence  Time 

Figure  5.2 
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Time 

6K\C\ 

[Id+ii 

i 

+L{6K\C\+K\C\^) 

Space 

^l^l(lCl+i-l 

The  Computationcil  Cost  of  the  Multiple  Closed  Class  LPBH  Algorithm 

Table  5.13 


5.5.5.  Algorithm  Accuracy 

The  accuracy  of  the  multiple  closed  class  LPBH  algorithm  has  been  studied 
by  applying  the  algorithm  to  the  queueing  networks  and  population  levels  used 
in  testing  the  multiple  closed  class  PBH  algorithm.  Level  0.  1,  3  and  5  bounds 
were  computed  for  each  queueing  network  and  each  population  level.  Table 
5.14  summarizes  the  results,  while  tables  5.15  to  5.19  show  the  effects  on  the 
level  3  bounds  of  changes  in  the  queueing  network  and  population  parameters. 

Comparing  these  results  to  those  obtedned  for  the  PBH  algorithm  (tables 
4.4  to  4.9),  a  major  conclusion  that  can  be  drawn  is  that  the  level  i  LPBH  bound 
IS  of  approximately  the  same  accuracy,  and  has  approximately  the  same  sensi¬ 
tivities  to  queueing  network  and  population  parameters,  as  the  level  i  +  2  PBH 
bound.  The  one  exception  to  this  is  that  the  LPBH  bounds  are  comparatively 
better,  with  respect  to  the  PBH  bounds,  when  the  interactive  workload  is  large 
in  comparison  to  the  batch  workload.  (Compare  tables  5.17  and  5.10  to  tables 
4.7  and  4.8.)  This  exception  can  be  explained  by  the  fact  that  the  expression  for 
in  the  LPBH  algorithm  is  much  more  accurate  when  Zj  is  large. 
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Bound 

Maximal  Errors  1%) 

Level 

Aver. 

.  Max. 

Aver. 

0 

36,7 

85,3 

16.6 

85.3 

1 

18.4 

82,1 

9.7 

82.1 

3 

11.1 

80.0 

5.9 

80.0 

5 

7.7 

79.2 

4.2 

79,2 

Maximal  Errors  for  a  I^ange  of  Bound  Levels 

Table  5. 14 


Number 

of 

Classes 

Maximal  Errors  (Level  3  Bounds)  (%) 

R.  (J^)  Aver. 

Kii^)  Max. 

Aver. 

X(i^)  Max, 

2 

8.6 

61.8 

4,5 

60,7 

4 

12,0 

69.9 

6.5 

69.9 

6 

12.6 

80.0 

6,7 

80.0 

Maxiinal  Errors  for  Various  Numbers  of  Closed  Classes 

Table  5.15 


Number 

Maximal  Errors  (Level  3  Bounds)  (%) 

of  Fixed-Rate 

Service  Centers 

R.  ( Aver. 

R.(R)  Max. 

XJ!^)  Aver, 

Xf/?)  Max, 

10 

17.2 

80.0 

9.4 

80.0 

20 

4.9 

47.8 

2.4 

36.0 

Maximal  Errors  for  two  Different  Queueing  Network  Sizes 

Table  5.16 
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Interactive 

Workload 

latensitY 

Maximal  Errors  (Level  3  Bounds)  (%) 

Aver. 

Max. 

Aver. 

X(.^)Max. 

20 

4.4 

43.6 

1.9 

33.5 

50 

10.5 

64.3 

5.3 

62.4 

BO 

18.3 

BOO 

10.3 

80.0 

Maximal  Errors  for  a  R2Lnge  of  ToIeJ  Interactive  Workload  Intensities 

Table  5.17 


Batch 

Workload 

Intensity 

Maximal  Errors  {Level  3  Bounds)  (%) 

Aver. 

/^(./^)Max, 

X{i^.)Aver 

X(.^)  Max. 

3 

6.1 

74.3 

3.2 

74.3 

6 

11.2 

77.  B 

5.9 

77. B 

9 

16.0 

60.0 

8.5 

80.0 

Maximal  Errors  for  a  Range  of  Total  Batch  Workload  Intensities 

Table  5.18 


Loading 
Skewness 
(value  of  v) 

Maximal  Errors  (Level  3  Bounds)  (%) 

Aver. 

KifniAciX. 

X.(ff)  Aver. 

X(y^)  Max. 

0.5 

3.2 

23.1 

1.6 

19.9 

i  1.0 

8.8 

49.0 

4.5 

46.9 

1  2.0 

21.2 

80.0 

11.5 

80  0 

Maximal  Errors  for  a  Range  ofp  Values 

Table  5.19 


-  173  - 


APPENDIX  5.A 


This  appendix  states  and  proves  lemmas  of  relevance  to  chapter  five. 


Lemma  5.1: 

Suppose  that  two  vectors  of  non-negative  mean  queue  length  values, 

and  are  such  that 

n^v'(o)(^)  <  7iv(0)(  ,y) 

k?^b 

and 

ifc=l  *=1 


Then  for  all  i>0, 


(5.1-1) 

k^b 

(5.1-2) 

and 

Jk  =  l  Jfc=l 

(5.1-3) 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  i  iterations 
using  the  aMVA/PE  equations  from  the  values  superscripted  by  r'(0)  and  ^''(0), 

respectively. 


Proof: 


The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  ('i^O).  Using  the 
aMVA/PE  equations,  relation  (5.1-3)  reduces  to 


^ 

lc  =  l 


j.  4(i+nr<‘’(w)^) 
g  _ £1 - Y 

‘“•z+f  4(l+n?''‘>(A')^) 

fc  =  l 


This  last  relation  holds  if 

k=\  -A  IJ 

<  ==>  >  0 

k7tb 

From  the  inductive  hypothesis  on  relations  (5.1-1)  and  (5.1-2),  each  term  in  the 
above  relation  is  non-negative.  This  implies  that  the  relation  will  be  esta¬ 
blished  if  it  can  be  shown  that 


kT^b 


-  174  - 


<=  =  >  f  nfW(W) 

*=1  *=1 


This  last  relation  holds  from  the  inductive  hypothesis  on  relation  (5,1-3),  estab¬ 
lishing  relation  (5.1-3)  for  i  +  1. 

From  relation  (5.1-3),  relation  (5.1-1)  or  (5.1-2)  could  be  violated  for  i  +  1 
only  if  there  is  a  service  center  j  such  that 

Using  the  aWA/PE  equations,  this  relation  reduces  to 


-N> 


■N 


<==> 


k  =  l 


_ ^  N  ^  k  =  l _ 


k  =  l 


However,  the  right-hand  side  of  this  last  relation  has  been  proved  to  be  greater 
than  or  equal  to  one,  while  the  left-hand  side  is  less  than  or  equal  to  one  by  the 
inductive  hypothesis.  As  this  is  a  contradiction,  relations  (5.1-1)  and  (5.1-2) 
and  the  lemma  are  established  for  i  +  i.  By  induction,  the  lemma  is  established 
fori>0.  ■ 


Lenmoa  5.2: 


Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  Z*>Z*  +  i, 
For  all  i>0,  N^l. 


i  Wp.ss(A'-i) 

n,%,AN-i)^nl%„(N)!^ -  l^j^K  (5,2-1) 


and 


N-1 

N 


K  K 

^  "-k  pass  J  —  /  ,  '^K  pess'y-'  -/ 
Jt  =  l  ifc=l 


(5.2-2) 


F^roof: 


The  proof  is  by  induction  on  i. 


For  i  =  0,  relation  (5.2-1)  is  an  equality,  while  relation  (5.2-2)  holds  from  the 
fact  that  6  (A^)  >  b  (N-l).  This  establishes  the  induction  basis.  Assume  that  the 
lemma  holds  for  i.  and  consider  the  lemma  for  7'  +  l  (i^O).  Since  the  lemma 
trivially  holds  for  .V=l,  consider  A^+1  (//>!). 


Using  the  PEH  equations,  relation  (o.2-2)  reduces  to 


N 

N+: 


K 


Z 


*:  =  ! 


Z+f  4(i+ni'j.„(A')) 


(A’tl)a 
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K  K 

it=l  *  =  1 

This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis 
(where  is  taken  as  and  is  taken  as  7ii%ss(A^~l).  for 

establishing  relation  (5.2-2)  for  'i  +  1. 

Using  the  PBH  equations,  for  \<j<K  relation  (5.2-1)  reduces  to  (after  can¬ 
celing  common  factors  from  both  sides  of  the  relation) 

^4(l+ntW.„(A'-l)) 

k  =  l 

This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis  as 
before,  establishing  relation  (5.2-1)  and  the  lemma  for  -i  +  l.  By  induction,  the 
lemma  is  established  for  i^O.  ■ 


Lemma  5.3: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  4^4  +  i. 
l<k<K-l.  ForalljV>l, 

nj{N-l)>nj[N)!^ -  l^j^K  (5.3-1) 

tr>-k{N) 

h  —  1 

and 

f  n,(yV-l)  (5,3-2) 


Proof: 

Relation  (5.3-2)  follows  from  Little's  equation,  and  since  R{N)>R{N—1)  for 
all  N>2.  The  proof  of  relation  (5.3-1)  is  by  induction  on  N.  For  N=l.  the  rela¬ 
tion  holds  since  n^(0)  =  0  for  all  A:,  establishing  the  induction  basis. 

Assume  that  relation  (5.3-1)  holds  for  N  {N'^l),  and  consider  the  relation 
forA’-!-l.  For 


Tij  (W)  n,.  (W+ 1 )  - 

'£nk{N+l) 


<==> 


Z+R{N) 


^  Uil+n„{N-l)) 
Z^RjN) 

Z+R{N^rl)  X  U{l+n,{N)) 

Z+R{N+1)  ^  ^ 


^4(l+nfc(A-l)) 

<=  =  >  - 

£4(l+n^(-^)) 
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which  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis  and  relation 
(5.3-2),  with  Tiii  taken  as  n^(.V-l)  and  n^.  taken  as  n^{N)  This  estab¬ 

lishes  relation  (5.3-1)  for  jV+1.  By  induction,  relation  (5.3-1)  and  the  lemma  are 
established  for  A'^l.  • 


Lemma  5.4: 


For  fixed-rate  service  centers  k  and  if  then  for  all  N^l 

niciN)  -  nj{N) 


(5.4-1) 


Proof: 


The  proof  is  by  induction  on  N. 
For  7V=1,  relation  (5.4-1)  becomes 


U 


1  +  Z  r  1+Z 

Uc  ■  h 


which  holds  with  equality,  establishing  the  induction  basis.  Assume  that  the 
lemma  holds  for  N  and  consider  the  lemma  for  jV+1.  Multiplying  both 

sides  of  relation  (5.4-1)  by  X(7V+l)  and  utilizing  Little’s  equation  yields 


Using  the  MVAmean  residence  time  equation,  this  last  relation  reduces  to 

1+Tifc(//)  l+nj(A^) 

which  holds  from  the  inductive  hypothesis  and  from  the  fact  that  L^.  This 
establishes  the  lemma  for-  .'V+i,  and,  by  induction,  for  ail  iV>l.  ■ 


Lemma  5.5: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  Lk'^Lk  +  i, 
l<k<K-l.  ForallTV^l, 


i  Rt  (N) 

e=I 

V  —  1 


(5.5-1) 


Proof; 

Dividing  both  sides  of  relation  (5.5-1)  by  utilizing  Little’s  equa- 

k  =  l 

tion  on  the  left-hand  side,  and  then  inverting  both  sides  yields 
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^  niciN)  ^  X  ^ 

k=iLl^ 

which  holds  from  the  previous  lemma  and  the  assumed  indexing  of  the  fixed- 
rate  service  centers.  ■ 


Lemma  5.6: 

Given  quantities  {l:<k<K-l),  rii>0.  and  quantities 

nfc  (1<A:<A'),  such  that 


Tlj  >  Tlj 


t 

k  =  l 


Hi, 


A:  =  l 


and 


fc=l  fc  =  l 


TLk 


Then 


K 


k  =  l 


(5.6-1) 


(5.6-2) 


(5.6-3) 


P*roof: 


The  proof  is  by  downwards  induction  on  j. 

For  j=K,  relation  (5.6-3)  holds  with  equality,  establishing  the  induction 
basis.  Assume  that  the  lemma  holds  for  j  +  1  and  consider  the 

lemma  for  j . 


fc  =  l  k  =  l  k=\ 


From  the  inductive  hypothesis,  this  relation  will  be  shown  if  it  can  be  shown 
that 


k  =  l 


k  =  l 
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This  last  relation  was  established  in  the  proof  of  relation  (3.2-3)  in  lemma  3.2. 
This  establishes  the  lemma  for  j ,  and.  by  induction,  for  • 


Lemma  5.7: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that 


For  all 

Uj  ( N)  >  Uj  ( N)  ^ -  l^j<K 


in,{N) 


*=i 


and 


k  =  l 


k=\ 


(5.7-1) 


(5.7-2) 


where  rii^{N)  is  defined  by 

tN^\ 

R^{N+l)-^b.{N) 

nk{N)=  - - N  \^k  <  K 

Z+R{N+l)-^^jj^MN) 


Proof: 

The  proof  is  by  induction  on  N. 

Consider  Af=l.  For  l^j^K  relation  (5.7-1)  becomes  (after  canceling  com¬ 
mon  factors) 


+ 


E4 


/c  =  l 


which  holds  with  equality.  Relation  (5.7-2)  becomes 
1  ^  l+Z  ^1+Z^ 


1  +  Z 


Z+l+-^  - 

l+Z  1+Z^ 


which  also  holds  with  equality.  This  establishes  the  induction  basis. 

Assume  that  the  lemma  holds  for  N-1  (A^^2).  and  consider  the  lemma  for 
N.  It  will  first  be  established  that,  for 


iK(A')-;^A(Af)) 

-  77SrA(;V)&n,.(W-l)AA^— j - ^ - 


[Case  Ij 


i  (n*.(Af)- 

fc  =  i 


A(7V))  >  0 


(5.7-3) 
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From  the  inductive  hypothesis  on  relation  (5.7-1),  relation  (5.7-3)  will  be 
shown  if  it  can  be  shown  that 

rN 

7 — - 

k  =  \ 

Canceling  common  factors  on  the  right-hand  side  of  this  relation,  and  then 
dividing  both  sides  by  X{N)  and  utilizing  Little’s  equation  yields 

'N 


rN  .  rN  riN)X(N) 


■4(Af)) 


<==> 


4rA(A')(/^-  imtu-  W)  ^ 


k=\ 


fc=l 


im  x{N) 


k  =  l 


ib  =  l 


This  last  relation  holds  since  Rj{N)  i  i/  -  i?fc(iV')>0  from  lemma  5.5. 

fc=i  fc=i 

Z,w  x(N)  ~  Tij^TF  7(^“  ~  A(yv-l)  from  the 

fact  that  throughput  is  concave  (theorem  5.5). 


■N 


[Case  2]  ^  {nk{N)-j^^iN))  <  0 


fc=i 


U 


N 


If  rij{N) - j^A(A^)  >  0,  then  relation  (5.7-3)  trivially  holds.  Assume  that 


nj{N)  -  <  0.  Then  relation  (5.7-3)  is  equivalent  to 


Tij{N)  <  nj{N-l)- 


rN  , 

k-\ 

^  nfc(A0  ^ 

r  n,-W  iW  1 

k  =  l 

This  last  relation  holds  from  lemma  5.3,  since 

iN 

>  1 


^  n^{N) 


1- 


L 


N 


1 


nj{N) 


MN) 


Lf 


for  L^k^j  by  lemma  5.4  (recalling  that 
tive).  This  establishes  relation  (5.7-3). 

Since  £  — ^A(N)  =  A(A/).  it  also  follows  that 

k  =  l  ^ 


fA(A^)  is  assumed  nega- 


-  180  - 


(5.7-4) 


Noting  that  relation  (5.7-2)  for  N  is  equivalent  to 


f  '  ■  1.-  .11-1  11  1-  1  1.. 


(5.7-1)  reduces  to  (after  canceling  common  factors  from  both  sides  of  the  rela¬ 
tion) 


fc  =  l 


which  holds  from  lemma  3.2  applied  as  before.  This  establishes  the  lemma  for 
N,  and.  by  induction,  for  all  A^^l.  • 


Lemma  5.8: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  +  i  for 
i^k^K-1.  For  N^Z, 


(5.8-1) 


and 


K 


(5.8-2) 


where 


Z^R{N)-[R{N+\)-R{N))^  ’ 


Proof: 


Noting  that  relation  (5.8-2)  is  equivalent  to 
R{N)  -  R[N-l)  <  /?(.V-*-l)  -  R{N).  for  N=2  this  relation  becomes 


which  simplifies  to 


(Z,^2))2<  /,(3)(i  +  7) 

This  last  relation  holds  since 
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Noting  that 

t^k{N-l) 

rij{N-l)  >  nj{N-l)^ - 

t^kiN-1) 


k=\ 


reduces  to 


ti^k{N)-{R>,{N^l)-RUN))) 
Rj{N)-iRj{N+l)-Rj{N))^  Rj{N-l)^ — 


k  =  l 


for  N=2  relation  (5.8-1)  becomes 


( 1  + - Z-4-  2)  -4  ( 1 +4- 


Z+l+Z^2)^ 

1+Z 


t 


4(1^4^)- 


Lk+L^-^ 

4(1+ - 5^!^2)-4(i+4t^) 

^+l+L(21^ 

1+Z 


k  =  \ 


This  reduces  to 

(l+^){ t  a  i<">( t  i 4) 

i:  =  l  fc  =  l  >r  =  l  fc  =  : 

This  relation  holds  if  it  holds  for  ^  Z*  minimized.  Also,  due  to  the  assumed 


*:  =  1 


indexing  of  the  fixed-rate  service  centers,  the  parenthesized  expressions  in  this 
relation  are  non-negative.  The  relation  therefore  holds  if  it  holds  for  Z  minim¬ 
ized  and  niaximized.  Substituting  in  the  minimum  Z  (0).  the  maximum 


i-Eu 


2  fc  =  1 


-).  and  the  minimum  ^ 


( i  L^f 


( 


l:  =  l 


*  =  1 


J;  =  l 


simplification. 

^4"  .... 

1 4=^-4  i  4)  i  ( E  4-4  t  Uf 

tk 


t4 

fc  =  l 


-)  yields,  after 


*=1 


fc  =  i 


*=1 


k  =  \ 


k  =  l 


Due  to  the  assumed  indexing  of  the  fixed-rate  service  centers,  the 
parenthesized  expression  on  each  side  of  this  last  relation  is  non-negative.  The 
relation  therefore  holds  if 


k  =  l 

v-i, 


A:=l  k  =  l 


k=l 


Since  ^  I*  <  1.  this  relation  holds,  and  relation  (5.8-1)  is  established  for  N=2. 

k  =  l 


-  162- 


This  establishes  the  lemma. 


Lemma  5.9: 

Consider  an  indexing  of  the  fixed-rate  service  centers  such  that  foJ" 

For  N>2, 

nj(N-l)^nj(N-l)^ -  (5,9-1) 

k  =  \ 

and 

f  n*()V-l)s  f  (5.9-2) 

k  =  \  k  =  l 


where 


n,{N-l) 


R^{N)-{BAN+l)-Rk{N)) 

Z-\-R{R)-{R{N+l)-R{N))^' 


l^k<K+l 


Proof: 

The  proof  is  by  induction  on  N. 

Relations  (5.9-1)  and  (5.9-2)  are  shown  in  lemma  5.8  for  N=2.  establishing 
the  induction  basis.  Assume  that  the  lemma  holds  for  N  (A^^2).  and  consider 
the  lemma  for  A'+l.  It  will  first  be  established  that,  for  l^j^K+1. 

i(n*(W)-(n,(Al+l)-n,(W))) 

"i  (.W)-(nj  (JV+  l)-n,  (N))  n,  {N-1)  ^ - j -  (5,9-3) 

yrtAN-l) 

k  =  l 

and 

f  nt(Al-l)a  t(^icW-{n,{N  +  l)-n,{N)))  (5,9-4) 

*  =  1  k  =  l 

Relation  (5.9-4)  is  equivalent  to  relation  (5.9-3)  for  j=A'+l.  There  are  two  cases 
to  consider  in  the  proof  of  relation  (5.9-3). 

[Case  1]  t  {n,{N)-MN+l)-n,iN)))  >  0 

fc=i 

From  the  inductive  hypothesis  (noting  that  relation  (5.9-2)  yields  relation 
(5.9-1)  for  j=K+l),  relation  (5.9-3)  will  be  shown  if  it  can  be  shown  that,  for 

l<;</r+l, 

i  ink{N)-{ntiN+l)-nk(N))) 
inkiN-1) 

k=l 

Substituting  the  definition  of  (l:<,fc<;),  multipljdng  both  sides  by 
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^  {Rk{N)-{Rk{N-i-l)-Bif{N))),  dividing  both  sides  by  and  simplifying  (with 


fc=i 


the  aid  of  Little's  equation)  yields 

<{N+] 

X{N) 


(w)(  i  (W+l)  a  Rj  {N*  1)(  ^^-1)  t  w 


A:  =  l 


A:  =  ] 


Since  —  -<  this  last  relation  reduces  to 


Rj(N)^  Rj{N+l) 


*=i 

which  holds  from  lemma  5.3, 

[Case  2]  t  {nk{N)-{nk{N+l)-nkiN)))  <  0 


<==>  nj{N)  >  nj{N+l) 


k-\ 


k  =  \ 


k  =  l 


For  this  case,  implying  that,  for 

W-K(W+l)-n*(/il))  = 

where  X*’^{N)  denotes  the  system  throughput  of  the  queueing  network  resulting 
from  the  addition  of  a  service  center  with  loading  Z*.  (This  last  equality  follows 
from  the  Convolution  algorithm  expressions  for  the  system  throughput  and  the 
mean  queue  length  at  a  fixed-rate  service  center.)  If 
nj{N)-{7ij{N+l)-nj{N)) 0.  then  relation  (5.9-3)  trivially  holds.  Assume  that 
njlN)-{7ij{N-\-l)-nj{N))  <  0.  Then  relation  (5.9-3)  is  equivalent  to 


Uj  (/V)  <  rij  (iV-1 )  ■ 
o  ^(A^+1) 


'  X{N+1) 

i  ^;k  W 

k  =  l 

X^HN) 

XlN+l) 

X^^  {N) 

irikiN-l) 


fc=i 


Since 


,  \  ^  l^k^j  due  to  the  assumed  indexing  of  the  fixed-rate 

p _ A  y  V  *r  i) 

service  centers  (recalling  that  2—  assumed  negative),  this  last  rela¬ 

tion  holds  from  lemma  5.3.  This  establishes  relation  (5.9-3),  and,  therefore, 
relation  (5.9-4)  as  well. 

From  lemma  3,2  applied  to  relations  (5.9-3)  and  (5.9-4)  (vhth  taken  as 
nk{N)-{nk{N+l)^nk{N))  and  taken  as  (Z/-1),  l<k-<K), 

VLicil+nkiN-l))  >  2  4(l+7ifc(7V)-(n<.(/Z+l)-nfc(7V))) 

A:  =  l  fc  =  l 

<=  =  >  E{N)  >  R{N+1)  -  {R{N+2)-R{N+l))  (5.9-5) 

This  last  relation  establishes  relation  (5.9-2)  for  N+1. 
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For  A^+1.  relation  (5.9-1)  reduces  to  (aiter  using  the  definition  of 

n*(iV).  Little's  equation,  and  the  'A  mean  residence  time  equation) 

i  4  ( 1  {N)-{n,  {N+  l)-7i^  {N))) 

l+n^{N)-{nj{N+l)-nj{N))^{l+nj{N-\))!^ - T - 

£4(l+ri,(fV-l)) 

k=\ 

This  last  relation  holds  from  lemma  3.2  applied  as  before,  establishing  relation 
(5.9-1)  for  N+1.  This  establishes  the  lemma  for  A^+1,  and,  by  induction,  for  all 
N>2. 


Lemma  5.10: 

Suppose  that  two  mean  queue  length  aHocations_^with  associated  pessimis¬ 
tic  and  optimistic  heaps,  {0^'riks°H^)^'^ks{N))  mth 

(for  aU  seC),  and  wth 

(for  all  s  gC),  are  such  that,  for  each  s  gC, 

<  n£;f°^(iV)  1<A:<A' 


k-\  k  =  \ 

and 

k  =  l  k  =  l 

Then  for  sGC’  andi>0. 

(5.10-1) 

k  =  \.  Jt  =  l 

(5.10-2) 

and 

*  =  1  A:  =  l 

(5.10-3) 

where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  i  iterations 
using  the  equations  of  the  multiple  class  looping  algorithm  from  the  values 
superscripted  by  t;(0)  andu'(O),  respectively. 


Proof: 


The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  t  +  l  ("i^O).  Relation  (5.10-2) 
will  be  established  if  it  can  be  shown  that,  for  each  s  gC, 


^  K'}i«'^(/^)  (5.10-4) 

which  reduces  to,  using  equation  (5-44), 


1:=1 


reC 


k  =  \ 


reC 
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From  equation  (5-42),  this  relation  can  be  expanded  to  yield,  after  regrouping 

K 

terms  and  canceling  ^  from  both  sides  of  the  relation, 

ifc=i 

reC 

S  (5.10-5) 

reCk  =  l 

From  the  inductive  hypothesis  on  relation  (5.10-3),  con¬ 

junction  with  equation  (5-46)  and  the  inductive  h3q)othesis  on  relation  (5.10-1), 
this  5delds 

{5,10-6) 


implying  that  each  term  in  the  double  summation  on  the  right-hand  side  of 
relation  (5.10-5)  is  non-ne^tive.  These  tern^s  represent  an  allocation  of  a  heap 

for  each  class  r,  given  by  ~  E to  the  fixed-rate  ser- 

k=l  k=l 

vice  centers.  Since,  by  construction,  yg  is  an  upper  bound  on  the  mean 
class  s  loading  when  encountering  customers  from  the  class  r  heap,  the  rela¬ 
tion  holds  if  it  holds  with  replaced  by  rjg.  Making  this  substitution,  and 
applying  equation  (5-4B),  results  in  an  equality.  This  establishes  relation  (5.10- 
2)  for  i  +  1. 

From  relation  (5.10-6)  and  equations  (5-42)  and  (5-45),  relation  (5.10-4) 
also  establishes  relation  (5.10-1)  for  i  +  1.  Relation  (5.10-3)  will  be  established 
for  i  + 1  if  it  can  be  shown  that,  for  each  s  e C, 


^  (5.10-7) 

From  relation  (5.10-4),  Therefore,  from  equation  (5-43), 

relation  (5.10-7)  will  be  shown  if  it  can  be  sho^m  that 

/fc=l  reC  fc=l  reC 


Using  equation  (5-42),  this  relation  can  be  expanded  to  yield,  after  regrouping 
terms  and  canceling  ^  from  both  sides  of  the  relation, 

k  =  l 

reC  reCk  =  l 

From  relation  (5.10-6),  each  term  in  the  double  summation  on  the  right-hand 
side  of  this  last  relation  is  non-negative^  These  terms  represent  an  allocation 

of  a  heap  for  each  class  r,  given  by  E “  E to  the 

fc=i  ifc=i 

fixed-rate  service  centers.  Since,  by  construction,  ^  is  a  lower  bound  on  the 
mean  class  s  loading  when  encountering  customers  from  the  class  r  heap,  the 
relation  holds  if  it  holds  with  Z**  replaced  by  lb-  Making  this  substitution, 
cind  applying  equation  (5-47),  results  in  an  equality.  This  establishes  the  lemma 
for  i  +  1,  and,  by  induction,  for  all  i^O.  ■ 
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APPENDIX  5.B 


This  appendix  contcuns  an  analysis  of  the  single  class  aMVA/PE  algorithm, 
given  in  section  5.1,  for  initial  performance  measure  estimates  corresponding 
to  the  optimistic  assumption  that  the  mean  residence  time  at  each  service 
center  is  equal  to  the  service  center  loading.  In  particular,  it  is  proved  that 
these  initial  estimates  guarantee  monotonic  convergence  to  the  solution  of  the 
aMVA/PE  equations,  and  that  convergence  is  from  the  optimistic  side  of  this 
solution. 

To  establish  this  claim,  it  is  sufficient  to  prove  that  the  mean  queue  length 
values  produced  after  i  iterations  are  majorized  by  those  produced  after  i  +  1 
iterations  (i^O).  This  would  show,  in  particular,  that  ^  which 

is  sufficient  to  imply  convergence  since  R^^\N)  is  bounded  above  by  1+{N-1)L,, 
for  all  i^O. 

Given  initial  estimates 
R'^^\N)  =  1 
R!^°\N)  =  4 

and.  from  Little’s  equation, 

it  is  easily  verified  that 

L 

k=l 

and 

*=1  jfe=i 

Therefore,  it  only  remains  to  show  that  majorization  is  preserved  by  the 
a^fVA/PE  equations. 

To  this  end.  consider  an  indexing  of  the  fixed-rate  service  centers  such 
that  4^4  +  1.  Suppose  that  two  vectors  of  non-negative  mean  queue 

length  values.  (nY(°)(y'V),  •  •  •  ,n]^'^\N))  and  are  such 

that 

*  =  1 

cLnd 

k  =  l  k=l 

It  is  then  claimed  that,  for  all  i>0, 

t  r‘S"''\N) 

n/(')(yv)  >  n/'^)(7V)  — - 

fc=l 


l^j<K 


(5.B-1) 
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and 


(5.B-2) 


where  the  superscripts  v{i)  and  v'{i)  denote  values  yielded  by  i  iterations 
using  the  aM\''A/PE  equations  from  the  values  superscripted  by  t^(0)  and  u'(0), 
respectively. 

The  proof  is  by  Induction  on  i. 

By  assumption,  the  claim  holds  for  the  induction  basis  i-0.  Assume  that 
the  claim  holds  for  i,  and  consider  the  claim  for  i  +  1  (i>0).  Using  the  aMVA/PE 
equations,  relation  (5.B-2)  reduces  to 


This  last  relation  holds  from  lemma  3.2  applied  to  the  inductive  hypothesis, 
establishing  relation  (5.B-2)  for  i  +  1. 

Using  the  aMVA/PE  equations,  for  l<j^K  relation  (5.B-1)  reduces  to  (after 
canceling  common  factors  from  both  sides  of  the  relation) 


This  last  relation  holds  from  lemma  3.2  applied  as  before,  establishing  relation 
(5.B-1)  and  the  claim  for  i  +  1.  By  induction,  the  claim  is  established  for  i>0. 
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CHAPTER6 

BOUNDING  ALGORITHMS  BASED  ON  CONVOLUTION 


The  PBH  and  LPBH  algorithms  were  derived  by  applying  the  methodology 
presented  in  chapter  two  to  the  and  symbolic  MVA  solution  algorithms. 
This  methodology  can  cdso  be  applied  to  the  other  solution  algorithms  that  are 
available  for  the  analysis  of  separable  queueing  networks.  This  chapter  treats 
perhaps  the  most  conceptually  important  of  these,  the  Convolution  algorithm. 
(Other  solution  algorithms  can,  in  general,  be  viewed  as  modifications  of  the 
Convolution  or  MVA  algorithms.) 

For  queueing  networks  with  only  fixed-rate  and  delay  service  centers,  the 
Convolution  algorithm  can  be  formulated  as  a  customer  recursion  method,  in 
which  the  algorithm  recursion  is  based  on  using  the  solutions  of  the  networks 
with  one  fewer  customer  (one  network  for  each  customer  class)  to  compute  the 
solution  of  a  more  complex  network.  Section  one  of  this  chapter  considers  the 
customer  recursion  formulation  of  Convolution;  this  formulation  is  found  to  be 
unsuitable  for  use  as  a  bounding  algorithm  basis.  A  more  suitable  formulation 
of  Convolution  is  based  on  service  center  recursion,  in  which  the  solution  of  a 
network  is  computed  from  the  solution  of  a  simpler  network  with  one  fewer  ser¬ 
vice  center.  Section  two  of  this  chapter  considers  bounding  algorithms  based 
on  the  service  center  recursion  formulation  of  Convolution.  Lemmas  required 
in  the  body  of  the  chapter  are  proved  in  appendix  6. A. 
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6.1.  Bounding  Algorithms  Baised  on  Customer  Recursion  Convolution 

6.1.1.  Customer  Recursion  Convolution 

When  applied  to  closed  queueing  networks,  the  Convolution  solution  algo¬ 
rithm  computes  the  elements  of  a  ]  Cj  +  l  dimensional  array  G  of  normalization 
constants.  For  queueing  networks  with  fixed-rate  and  delay  service  centers 
only,  it  is  best  to  index  the  aggregate  delay  service  center  (if  none,  Z  can  be 
taken  as  0  in  the  following  development)  as  service  center  0.  With  this  index¬ 
ing,  G(ft.k)  refers  to  the  population  level  ft  normalization  constant  for  the 
queueing  network  consisting  of  service  centers  0  through  k . 

To  obtain  primary  performance  measures  for  population  level  it  is 
necessary  to  obtain  G{fl ,K)  and  G{^-S^,K)  for  all  seC;  these  values  are 
obtained  by  recursively  computing  elements  of  G  using,  for  \^k<K,  ft>0, 

G{n,k)  =  G(ft,A:-l)  +  Y^L^G{it-^^,k)  (6-1) 

reC 

(where  G{ii-Sj.,k)  is  taken  as  zero  if  7V=0),  and 

G(«,0)  =  n^  (6-2) 

reC  'h-- 

The  order  of  computation  of  the  elements  of  G  determines  whether  the  algo¬ 
rithm  uses  customer  recursion  or  service  center  recursion.  In  a  step  of  custo- 
mer  recursion  Convolution,  G{'^,k')  for  all  k  is  computed  from  all  G{ii—ir<j) 
quantities  (reC,  0^j<K). 

The  unsuitability  of  customer  recursion  Convolution  as  a  bounding  algo¬ 
rithm  basis  is  best  shown  by  considering  its  equations  for  queueing  networks 
without  delay  service  centers.  For  these  queueing  networks,  G{7t,0)  for  Tt^O  is 
taken  as  0,  making  the  resulting  equations  completely  independent  of  the  popu¬ 
lation  level  7^  for  which  performance  measures  eire  desired.  This  independence 
has  important  consequences  for  any  bounding  algorithm  based  on  customer 
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recursion  Convolution  Assuming  that  the  Convolution  equations  are  utilized 
unmodified  in  such  a  bounding  cdgorithm.  the  level  i  normalization  constants 
for  population  level  N  must  differ  from  those  for  population  level  /i/  (for  N  and 
U  such  that  i^Mr  and  i^Nr  for  all  reC).  only  due  to  differing  initial  estimates. 
This  implies,  for  example,  that  the  system  throughput  estimates  for  class  s, 
.A:) 

- rrrr^ — : -  and  - rvpr — ; - .  must  differ  only  due  to  differing  initial 

estimates,  implying  that  only  very  good  initial  estimates  will  yield  acceptable 
accuracy.  This  is  in  marked  contrast  to  the  PBH  algorithm. 


To  illustrate  these  disadvantages,  a  bounding  algorithm  based  on  customer 
recursion  Convolution  is  developed  in  the  next  subsection  for  closed  single 
class  queueing  networks  with  fixed-rate  service  centers  only.  Only  bounds  on 
primary  performance  measures  will  be  considered. 


6.1.2.  An  Example  Algorithm 

For  the  type  of  queueing  network  being  treated,  equation  (6-1)  reduces  to, 
for  7x^1,  l^k<K, 

G{n,k)  ^  G{n.k-l)  ^  LkG{n-l,k)  (6-3) 

where  G(n,0)  =  0  forn>0.  To  obtain  primary  performance  measures,  this  equa¬ 
tion  is  used  to  co.mpute  G[N,K)  and  G{N-1,K),  starting  from  G(0,A:)  =  1  for  all 
fc  The  example  bounding  algorithm  based  on  customer  recursion  Convolution 
utilizes  equation  (6-3)  unchanged;  bound  level  i  normalization  constants  (x^l) 
for  population  level  N  are  defined  by 

G^^^iN.k)  =  G'^^XN.k-l)  +  UG^^-^\N-l.k)  (6-4) 

where  G^'^(;V,0)  =  0  for  A^>0. 

As  in  the  single  closed  class  PBH  algorithm,  two  computations  are  required 
to  yield  both  "optimistic"  and  "pessimistic"  quantities.  A  vector  of  positive  nor¬ 
malization  constant  vedues  {G^{N,l),  ■  •  •  ,G^{N,K))  is  optimistic  with  respect  to 


-  191  - 


another  vector  {G"'{N,1),  ■  ■  ■  ,G^'{N,K))  if 


G^jN.k)  ^  G^'jN.k) 
CP'iN.j)  ~  CP'iN.j) 


for  all  A:,  j  such  that  l<k^j<K.  It  is  proved  in  lemma  6.1  in  appendix  6. A  that 
the  optimistic  or  pessimistic  character  of  a  vector  of  normalization  constants 
is  preserved  by  the  customer  recursion  Convolution  equations. 

In  the  bounding  algorithm  optimistic  computation,  the  service  centers  are 
indexed  so  that  for  l<k<K~]..  (In  general,  the  performance  measures 

produced  are  dependent  on  the  service  center  ordering  used.)  One  choice  of 
optimistic  irutial  estimates  suitable  for  this  ordering  is 


GiiKN.k)  =  ( 


(6-5) 


The  following  theorem  uses  lemma  6.1  to  establish  a  relationship  between  level 
i  and  level  i  +  1  normalization  constants  computed  during  the  optimistic  com¬ 
putation. 

Theorem  6.1: 

For  A’— l^'i^O.  \<k<j<K, 


GiiljN.k) 


Proof: 


From  lemma  6.1,  it  need  only  be  established  that 


GiSiN-i.k)  ,  G,y{N-i.k) 
Gi^(N-i.])  Gi^hN-iJ) 


for  l^k<j<K.  From  equations  (6-4)  and  (6-5).  this  relation  is  equivalent  to 


(6-6) 


Noting  that  the  right-hand  side  of  relation  (6-6)  is  equivalent  to 
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1 


1  + 


t  u, 

t,=fc+i  ^ 


TV — X  i~2 
1,-1 


tl. 


i2=l 


N  —x  +L  2~2 
Lz-l 


the  service  center  indexing  used  in  the  optimistic  computation  implies  that 
relation  (S-6)  will  be  sho^vn  if  it  can  be  shown  for  for  Making  this 

substitution  and  canceling  1.^  yields 


N-^+h  -1 
,  fc-l 


^  i  -t-Z  —2 


1  =  1 


<  =  =  > 


N-i-^k  —l] 

[TV-i+;-ll 

i  A:-l  J 

A:  f 

V 

Lj 


'N^+L-'S: 

A  [TV -a  +Z  -21 

1  Z-1 

This  last  relation  holds  with  equality  since  both  the  left-hcind  and  the  right- 
hand  sides  are  equal  to  1.  ■ 


In  the  bounding  algorithm  pessimistic  computation,  the  service  centers 
are  indexed  so  that  for  One  choice  of  pessimistic  initial  esti¬ 

mates  suitable  for  this  ordering  is  the  same  as  the  choice  of  optimistic  initial 
estimates: 


G^^liN.k)  =  (6-7) 

The  follo-wing  theorem  uses  lemma  6.1  to  establish  a  relationship  between  level 

i  and  level  i  +  1  normalization  constants  computed  during  the  pessimistic  com¬ 
putation. 


Theorem  6.2: 


For  TV-l^-i^O,  1<A:<;<TV. 
C^Us^'>[N,k)  Gjg^iN.k) 
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Proof: 


from  lemma  6.1,  it  need  only  be  established  that 
C&(N-i.k)  G^UN-i,k) 

for  l^k<j<K.  From  equations  (6-4)  and  (6-7),  this  relation  is  equivalent  to 


N—i+k  —  1 
k-1 


-t 
i=i 


N—i+j  —  1 
j-l 


\N-i+l-2] 

I  1-1 

Noting  that  the  left-hand  side  of  relation  (6-8)  is  equivalent  to 
1 


(6-8) 


r 

yv— z +z  1  ~2 

h  Aj 

ii-i 

1  + 


A, 


ig-i 


N — i  +Z2~2 
A-1 


the  service  center  indexing  used  in  the  pessimistic  computation  implies  that 
relation  (6-8)  will  be  shown  if  it  can  be  shown  for  A=A  for  l<Z<j  .  The  resulting 
relation  v.^as  sho'vm  to  hold  with  equality  in  the  proof  of  theorem  6.1.  ■ 


In  the  next  theorem,  theorems  6,1  and  6.2  are  used  to  construct  primary 
performance  measure  bounds  from  the  normalization  constants  yielded  during 
the  optimistic  and  pessimistic  computations.  The  superscripts  UB  and  LB 
denote  upper  and  lower  bounds,  respectively,  as  obtained  from  the  bounding 
algorithm  as  detailed  in  the  theorem.  The  level  i  bounds  (i^l)  are  those 
derived  from  the  level  i  and  level  i-1  normalization  constants;  level  0  bounds 
are  not  defined. 


Theorem  6.3: 


For  iV>z>l, 


N 


>  B{N)  >  max[N- 


G.5KA.A) 


Giy'{N-l.K) 


a(.V)] 


(6-9) 


-  194  - 


mN)  -  -  mN) 

and 

xmN)U  a  t4(iV)  >  XMN)U 


(6-10) 


(6-11) 


Proof; 

The  bound  of  a{N)  in  relation  (6-9)  follows  from  the  correctness  of  ABA. 
Relations  (6-10)  and  (6-11)  follow  from  relation  (6-9)  by  Little’s  equation.  Since 


from  Little's  equation  and  the  Convolution  solution  algorithm  expression  for 
X{N),  relation  (6-9)  and  the  theorem  will  be  shown  if  it  can  be  shown  that 


G&liN.K)  ,  CfN.IC,  .  G&{N./0 

G^i^sKN-l.K)  G(N-l.K)  d^i-'KN-l.K) 

A,  Gfe‘>(A'-l.t)  ,  G(Af-l.fc)  ,  A  ,  Giir'\N-l.k) 

kx  G^;,'\N-i.K)  Ai‘C(,V-l,/0  kr  C^r'\N-\.K) 

This  last  relation  holds  from  theorems  6.1  and  6.2.  noting  that  G^^{N,k)  is 
exact  for  all  k  and  that  therefore,  by  transitivity,  the  level  i  +  1  normalization 
constants  in  these  theorems  can  be  replaced  by  the  exact  normalization  con¬ 
stants.  ■ 


Table  6.2  compares  bounds  yielded  by  the  customer  recursion  Convolution 
bounding  algorithm  to  those  yielded  by  the  PBH  algorithm,  for  the  example 
queueing  network  of  table  6.1  and  a  population  of  10  customers.  Note  that  the 
bounds  yielded  by  the  former  algorithm  are  quite  poor.  Similar  results  have 
been  obtained  with  other  examples. 
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An  Ilxample  Queueing  Network 

Table  6.1 
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Bounding  Algorithm  Based  on  Customer  Iteration  Convolution 


Bound 

Bounds  on  R[  10) 

Bounds  on  Y(10) 

Level 

Upoer 

Lower 

Uoner 

Lower 

1 

3.15 

1.50 

6.66 

3.17 

2 

2.85 

1.50 

6.66 

3.51 

4 

2.45 

1.50 

6.66 

4,08 

6 

2.20 

1.76 

5.68 

4,53 

PBH  Algoritl 

nm 

Bound 

Bounds  on  R(10) 

Bounds  on  Xi  10) 

Level 

Upper 

Lower 

Upper 

Lower 

1 

2.35 

1.60 

6.25 

4.26 

2 

2.13 

1.86 

5.36 

4.70 

4 

2.00 

1.95 

5.12 

4.99 

6 

1.97 

1.96 

5.09 

5,07 

A  Comparison  Between  PBH  Bounds  eund  Bounds  Yielded  by  an  Algorithm  Based  on 

Customer  Iteration  Convolution 


Table  6.2 
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6.2.  Bounding  Algorithms  Based  on  Service  Center  Recursion  Convolution 
6.2.1.  Background 

Service  center  recursion  Convolution  can  be  applied  to  queueing  networks 
contciining  load-dependent  service  centers,  unlike  customer  recursion  Convolu¬ 
tion.  For  these  more  general  queueing  networks,  the  aggregate  delay  service 
center,  if  present,  will  be  indexed  as  service  center  A'+l,  as  in  previous 
chapters.  G{ii,k')  (l<A:<if+l)  then  refers  to  the  population  level  H  normaliza¬ 
tion  constant  for  the  queueing  network  consisting  of  service  centers  1  through 
k.  To  obtain  primary  performance  measures  for  population  level  7^.  it  is  neces¬ 
sary  to  obtain  G(yV',A'+l)  and  G{i^ for  all  seC,  if  there  is  an  aggregate 
delay  service  center,  and  G{J^,K)  and  for"  sil-l  seC.  otherwise. 

In  a  step  of  service  center  recursion  Convolution,  G{'fi,k)  for  all  ft  such 
that  is  computed  from  all  G(7A,A:-l).  This  is  done  using  equation  (6-1) 

for  a  fixed-rate  service  center  k. 


G{il,k)-  V  an-A.k-l)  n 


(6-12) 


for  a  load-dependent  service  center  k  at  which  the  service  rate  is  dependent 
only  on  the  total  number  of  customers  present  (where  prec^  is  defined  as  in 
subsection  2.2.3),  and 


G(7l./C+1)  =  X;  G(7l-7fL.J0lJ^ 

re.c’’^ 


(6-13) 


for  an  aggregate  delay  service  center.  G(fi.O)  is  taken  as  0  for  all  while 

G(5,0)  is  taken  as  1. 


A  bounding  algorithm  based  on  service  center  recursion  Convolution 
selects  some  set  {k^.  ■■■  ,k^]  of  the  queueing  network  service  centers 
{l-<kj-<K+  1  for  Normalization  constant  estimates  are  chosen  for  the 
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queueing  network  formed  by  the  remaining  service  centers,  for  all  populations 
fi<7V.  Equations  (6-1),  (6-12)  and  (6-13)  (or  possibly  modifications  of  these)  are 
then  applied  to  the  queueing  network  formed  by  the  service  centers  in  the 
chosen  set,  Yhth  G(7t,A:o)  taken  as  the  population  level  rt  normalization  con¬ 
stant  estimate  for  the  network  containing  the  remaining  service  centers.  The 
level  i  of  the  resulting  bounds  is  equal  to  the  number  of  recursive  steps  that 
are  required,  which  equals  the  number  of  service  centers  in  the  chosen  set. 

For  queueing  networks  with  multiple  customer  classes,  however,  even  a 

single  step  of  service  center  recursion  may  be  computationally  prohibitive. 

The  dominant  term  in  the  computational  cost  of  a  step  involving  a  fixed-rate 

service  center  includes  a  factor  of  P](iVr  +  l).  which  for  a  load-dependent  ser- 

rec 

vice  center  becomes  j7I(A^r  +  l)(*^r  +  2),  For  this  reason,  the  example  bounding 

reC 

algorithm  of  the  next  subsection  will  be  developed  only  for  queueing  networks 
with  a  single  closed  class.  For  clarity,  only  queueing  networks  with  no  open 
classes  will  be  treated,  and  only  bounds  on  the  primary  performance  measures 
(including  utilizations  only  for  fixed-rate  service  centers)  will  be  derived. 

6.2.2.  An  Example  Algorithm 

The  example  bounding  algorithm  based  on  service  center  recursion  Convo¬ 
lution,  when  applied  to  the  type  of  queueing  network  being  treated,  utilizes 
equations  (6-1),  (6-12)  and  (6-13)  unchanged; 

G^^^n.ki)  =  G^‘-i)(n,AH_i)  +  (6-14) 

for  a  fixed-rate  service  center  k^, 

G^^^{Ti.ki)=  2  ; -  16-15) 

m=0  ^  ■ 

for  a  load-dependent  service  center  k^,  and 

m=0 


(6-16) 
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for  an  aggregate  delay  service  center  These  equations  are  applied  to  the 
queueing  network  formed  by  the  chosen  set  of  service  centers 

As  with  the  single  closed  class  PBH  algorithm,  two  computations  are 
required;  one  from  "optimistic"  ,A:o)  values,  and  one  from  "pessimistic" 

G^°^(n,A:o)  values.  Positive  normalization  constant  values  G^(n,fc)  are  optimis¬ 
tic  with  respect  to  6^  {n.k)  values  if  G^(0,A:)  =  (7^  (0, A:)  =  1,  and  if,  for  each  n 
such  that  l<n<N, 


G^{n-l.k)  ^  G'''(n-l.k) 

G^{n.k)  ~  CP'\n,k) 

In  lemma  6.2  in  appendix  6. A,  it  is  proved  that  the  optimistic  or  pessimistic 
character  of  initial  normalization  constant  estimates  is  preserved  by  the  ser¬ 
vice  center  recursion  Convolution  equations.  This  lemma  requires  that 

— - ^  — - : —  hold  for  l<7rL<A^-l  and  each  load-dependent  service  center 

m  m  +  1 

j:  this  will  be  assumed  in  the  remainder  of  this  section.  (As  noted  in  the  sec¬ 
tion  treating  load  dependence  in  chapter  four,  this  assumption  corresponds  to  a 
non-decreasing  total  service  rate  and  is  usually  satisfied  in  the  computer  sys¬ 
tem  modelling  context.) 


The  G^^^(n,A:o)  values  are  estimates  of  the  normalization  constants  for  the 
queueing  network  formed  by  the  service  centers  not  included  in  \ki,  ■  ■  ■  .k^l. 
Optimistic  ,A:o)  values  can  be  obtained  from 


Go^^hn.ko)  =  — 


1 


n 


(-*i)  (-*<) 


(m) 


m  =  l 


where  ^  denotes  an  optimistic  bound  on  the  system  throughput 

of  this  queueing  network  with  m  customers.  Similarly,  pessimistic  G^°^(n,A:c) 
values  can  be  obtained  from 


1 


f[ 

m  =  l 


(m) 
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The  symbolic  formulation  of  the  PBH  algorithm  can  be  used  to  obtain  all  the 
necessary  system  throughput  bounds  (assuming  that  all  load-dependent  service 
centers  are  included  in  the  set  \ky,  ■  ■  •  ,kil)  in  time  c  iN  +  C2(K-i),  for  con¬ 
stants  c  1  and  C2  that  depend  on  the  PBH  bound  level  (see  table  3,6) 

The  following  theorem  uses  lemma  6.2  to  construct  primary  performance 
measure  bounds  from  the  normalization  constants  yielded  during  the  optimis¬ 
tic  and  pessimistic  computations.  The  superscripts  UB  and  LB  denote  upper 
and  lower  bounds,  respectively,  as  obtained  from  the  bounding  algorithm  as 
detailed  in  the  theorem. 


Theorem  6.4: 


For  K^^O,  N^l. 


N 


GiUsiN.k,) 


Gi^AN-l.k,) 

X{N)  > 


-  Z  >  B{N)  ^ 


-  z 


N 


Z+BWiN)  Z+B^^{N) 

and,  for  each  fixed-rate  service  center  k, 


(6-17) 

(6-18) 


x!,${N)U  a  (4(W)  a  Xl^{N)Li,  (6-19) 

Proof: 

Relations  (6-18)  and  (6-19)  follow  from  relation  (6-17)  by  Little's  equation. 
Since 


R{N)  =  N- 


G{N.ki) 

G{N-l.ki) 


-Z 


(where  G{N,k(^  is  taken  as  the  exact  normalization  constant  for  the  queueing 
network  formed  by  the  service  centers  not  included  in  •  ,k^]),  relation 

(6-17)  and  the  theorem  will  be  shown  if  it  can  be  shown  that 


GjiliN-l.ki)  ^  G{N-l,ki)  ^  GjiliN-l.kj) 

Gji}{N,k,)  -  G{N.k,)  “  Gff,,{N.k^) 

From  lemma  6.2,  this  relation  holds  if  Gop^(0,A:o)  =  6)|ess(0'^o)  “ 
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Gj^}{Ti-l.ko)  ^  G{n-l.ko)  ^  Gffjs(n-l,A:c) 

Gog(n.A:o)  ■  G{n,ko)  ~  G^°Un,ko) 

These  relations  hold  from  the  choice  of  initial  normalization  constant  esti¬ 


mates  and  the  fact  that 


G(n-l.A:o) 

G{n,kQ) 


=  *i)  ^  establishing  the 


theorem. 


Table  6.3  gives  level  0,  1,  2  and  3  bounds  yielded  by  the  example  bounding 
algorithm,  for  the  queueing  network  of  table  3.1  and  a  population  of  50  custo¬ 
mers.  The  level  0  bounds  shown  are  identical  to  the  level  0  PBH  bounds,  since 
these  were  used  to  compute  the  initial  normalization  constant  estimates.-  The 
set  ^A:i,  •  •  •  was  chosen  so  that  it  included  the  i  non-delay  service  centers 
with  the  largest  loadings.  (This  choice  is  likely  to  be  a  good  one  in  computer 
system  modelling  applications,  since  a  computer  system  model  usually 
Includes  a  few  heavily  loaded  service  centers  that  are  much  more  important  in 
determining  performance  than  the  remaining  service  centers.)  In  figure  6.1. 
bounds  on  system  throughput  and  mean  system  residence  time  are  shown  over 
a  range  of  workload  intensities;  these  bounds  were  computed  in  the  same 
manner  as  those  in  table  6.3. 

The  accuracy  of  the  example  bounding  algorithm  based  on  service  center 
recursion  Convolution  can  be  quite  good.  For  a  given  accuracy  of  the  initial 
normalization  constant  estimates,  the  accuracy  is  best  when  queueing  network 
performance  is  almost  completely  determined  by  the  characteristics  of  the  ser¬ 
vice  centers  included  in  the  set  In  figure  6.1,  this  is  the  case  as 

the  queueing  network  nears  saturation.  For  queueing  networks  with  more 
highly  skewed  loadings,  however,  this  will  occur  at  more  moderate  workload 
intensities.  In  contrast  to  the  PBH  algorithm,  the  algorithm  therefore  per¬ 
forms  well  when  loadings  are  highly  skewed.  The  algorithm  also  has  a 


X{N) 


R{N) 


Bounds  Yielded  by  an  Algorithm  Based  on  Service  Center  Iteration  Convolution 

Mgure  6. 1 
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Bound 

Level 

Bounds  on  R{50) 

Bounds 

on  Xi50) 

Upper 

Lower 

Upper 

Lower 

0 

3.10 

1.00 

3.13 

2.76 

1 

2.49 

1.61 

3.01 

2.86 

2 

2.31 

1.85 

2.97 

2.89 

3 

2.27 

1.99 

2.94 

2.89 

Bounds  Yielded  by  an  Algorithm  Based  on  Service  Center  Recursion  Convolution 

Table  6.3 

•significant  advantage  in  that  it  can  accurately  treat  load  dependence.  (The  sin¬ 
gle  closed  class  PBH  algorithm  can  treat  load  dependence,  except  in  special 
cases,  only  by  specializing  the  multiple  closed  class  PBH  algorithm  equations  to 
single  class  queueing  networks.) 

The  computational  cost  of  the  example  bounding  algorithm  is,  however, 
likely  to  be  significantly  greater  them  that  of  the  PBH  algorithm.  For  each 
load-dependent  or  delay  service  center  that  is  included  in  the  set  [fej,  •  •  •  ,A:J,  a 
term  of  must  be  added  to  the  time  complexity  (unless  such  a  service  center 
is  last  in  the  ordering,  in  which  case  the  term  is  only  4A^),  while  each  fixed-rate 
service  center  contributes  a  term  of  2N.  The  total  time  complexity  of  the  algo¬ 
rithm  is  therefore  of  the  form  {c  1+^12) N  +  C2(/r-i)  +  where  11+12+13 
equals  the  bound  level  i,  and  Cj  and  C2  depend  on  the  level  of  the  PBH  algo- 
nthm  bounds  that  are  used  in  forming  the  initial  normalization  constant  esti¬ 
mates.  The  space  complexity  of  the  algorithm  is  dominated  by  a  term  of  N. 
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APPENDIX6.A 


This  appendix  states  and  proves  lemmas  of  relevance  to  chapter  six. 


Lemnoba  6.1: 

Suppose  that  two  vectors  of  positive  normalization  constant  values, 

and  ■  ■  ■  .G'''^^){N,K)),  are  such  that 

for  all  k .  j  such  that  l^k<j<K.  Then  for  all  i^O, 

G^^^HN+i,k)  ^  G^'^^HN+i,k)  .  . 

G^^>'l{N+i.j)  G^'^-^'>{N+i.j)  ^  } 

VAhere  the  superscripts  v{i)  andu'(i)  denote  values  yielded  by  i  applications  of 
the  customer  recursion  Convolution  equations  starting  from  the  values  super¬ 
scripted  by  u  (0)  andu'(O).  respectively. 


Proof: 

The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  i  =  0  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  For  l^k<j^K, 
from  the  customer  recursion  Convolution  equations  relation  (6.1-1)  reduces  to 

i=i _ ^  i=i _ 

i=i  t=i 


<==> 


t  k.CP'^^'>(N+i,L2) 

l2=l 


1 


^  - - - 

^  L.CP'-^^HN+i.h) 

u=i 


This  last  relation  holds  if.  for  each  ij  such  that  k  <li^j , 
- i - >  - i - 

tgSl  tg-1 


which  in  turn  holds  if,  for  each  Zg  such  that  <l  i<j , 

This  last  relation  holds  from  the  inductive  hypothesis,  establishing  relation 
(6.1-1)  and  the  lemma  for  i  +  1.  By  induction,  the  lemma  is  established  for  i>0." 
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Lemma  6.2: 

Suppose  that  positive  normalization  constant  values  and 

(l<n<//)  are  such  that 


and.  for  l^n<yv, 

Ijim)  ^  Ljjni  +  l) 


If  for  1<77l<A^-1  cind  each  load-dependent  service  center  jf, 

m  m  +  l 

then  for  i^O, 


(;’'t‘)(0.A:+i)  =  =  1 


(63-1) 


and,  for  l<n<./V, 

G^^^Hn-l,k  +i)  4i)  ,  ^ 

,k +i)  G^'^'^'>{7i,k +i) 

where  the  superscripts  L'(i)  and  v'ii)  denote  values  yielded  by  i  applications  of 
the  service  center  recursion  Convolution  equations  starting  from  the  values 
superscripted  by  t;(0)  andi/’(0),  respectively. 


Proof: 

The  proof  is  by  induction  on  i. 

By  assumption,  the  lemma  holds  for  the  induction  basis  1  =  0.  Assume  that 
the  lemma  holds  for  i,  and  consider  the  lemma  for  i  +  1  (i^O).  Define  + 
by 

Pk+i  +  \{Tn)  =  ZAi+i 

if  k+i+l  indexes  a  fixed-rate  service  center, 

n  ^  t  =  l 


if  k+i  +  1  indexes  a  load-dependent  service  center,  and  by 

PkH^■\{^^)  =  — r 
m  i 

if  k+i  +  l  indexes  an  aggregate  delay  service  center.  From  equations  (6-1).  (6- 
12)  and  (6-13),  for  0<n<Af 

+i  +  l)  =  ^  ,k +i)Pk^.i  +  i{TrL) 

m  =0 

and 

^'■^‘^(n.A: +1+ 1)  =  ^  G^'^'\TL-m  ,k  ■^i)P^^i_^x{Tn) 


Relation  (6.2-1)  for  i  +  1  follows  directly  from  the  inductive  hypothesis. 
Relation  (6.2-2)  for  i+1  reduces  to,  for  l<n<A^, 

V  G’"^"^(n-:-m,A:+t)Pfc^i+i(m)  ^  G^'^h^n-l-m.A: +i)Pfc+^  +  i(m) 

r7t=0 _ ^  m=0 _ 

^  G’'(^)(n-m.A:+i)P*.^,+i(m)  ^  -m .A: +i)P*.^,^i(m.) 

m=0  m=0 
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<==>  (  X!  G^^^\n-l-m.kH)Pk+i+i{'>^)){  2  > 

m=0  m=0 

(  Yj  Y  CP''^'^'>{n-l-m,k-i-i)Pi,^i+i{m))  (6,2-3) 

m  =0  m  =0 

Since  relation  (6.2-2)  is  transitive,  relation  (6.2-3)  need  only  be  shown  for  nor¬ 
malization  constants  G^^''\n,k  +i)  such  that 

G^^^\n~l.k+i)  _  G^'^^Hn-l.k+i) 

for  all  TiTtn*.  for  some  n*  such  that  l<n*<7V.  In  conjunction  with  relation  (6.2- 
1),  this  yields 

,A; +1)  =  G^’^^)(n,A: +1)  0<n<n* 

and 

,A: +i)  =  cC?"'('^)(n,A:  +  l)  n*<n<iV 

for  some  constant  c<l.  If  c=l.  relation  (6.2-3)  is  trivially  true,  so  consider 
c  <1.  Substitution  in  relation  (6.2-3)  jdelds,  after  canceling  terms  and  dividing 
through  by  1-c , 

(  Y  CP''^^H7i-l-rri.k-{-i)PkH+i{^))i  E  G^'^'^'>{n-Tn.k +i)Pk+i+i{m,))  ^ 

m=n-n*  m=0 

(  El  C^'^'^(^-^.*+^)^fc4-i+i(77i))(  G*''^'Hn-l-m.A:+^)P;t^.^^.l(m)) 

m=n-7»*+l  m=0 

(where  empty  sums  are  defined  as  0).  This  relation  holds  if,  for  0<Tni<n-n*-l 
and  n -n  *<m  2^n  —  1 , 

Noting  that  m.z>rn.i,  this  last  relation  holds  from  the  definition  of  P/c+n-ii^}  and 
the  assumption  regarding  the  loadings  of  a  load-dependent  service  center.  This 
establishes  relation  (6.2-2)  and  the  lemma  for  i  +  l.  By  induction,  the  lemma  is 
established  for  i^O.  • 
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CHAPTER? 

A  COMPARISON  AMONG  BOUNDING  ALGORITHMS 


An  important  context  in  which  to  evaluate  the  relative  merits  of  bounding 
algorithms  is  that  of  large  queueing  networks  with  multiple  customer  classes. 
It  is  infeasible  to  obtain  the  exact  solutions  of  these  networks,  and,  as  noted  in 
chapter  two,  approximation  techniques  may  induce  unacceptable  errors. 

The  PBH  and  LPBH  bounding  algorithms  are  both  applicable  to  queueing 
networks  with  multiple  customer  classes,  as  is  PANACEA,  one  of  the  bounding 
algorithms  that  was  surveyed  in  chapter  two.  In  this  chapter,  these  three 
bounding  algorithms  are  compared  with  respect  to  their  applicability  (section 
one),  their  implementation  effort  (section  two),  and  their  accuracy  and  compu¬ 
tational  cost  (section  three).  Section  four  uses  the  results  of  these  comparis¬ 
ons  to  suggest  which  bounding  algorithm  is  best  suited  for  various  accuracy 
requirements,  cost  constraints,  and  queueing  network  types. 

7.1.  Applicability 

PANACEA  and  the  PBH  and  LPBH  algorithms  are  only  applicable  to  separ¬ 
able  queueing  networks.  In  addition,  none  of  these  algorithms  has  been  made 
sufficiently  general  to  handle  all  types  of  these  networks. 

The  queueing  networks  treated  by  the  PBH  eind  LPBH  algorithms  may  con¬ 
tain  fixed-rate  service  centers,  delay  centers,  and  load-dependent  centers  at 
which  the  service  rate  depends  only  on  the  total  number  of  customers  present 
at  the  center.  Other  types  of  separable  queueing  networks  allow  more  general 
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forms  of  load  dependence,  and  currently  cannot  be  treated. 


PANACEA  treats  queueing  networks  with  fixed-rate  and  delay  service 
centers.  Each  customer  class  must  visit  a  delay  service  center;  this  require¬ 
ment  is  part  of  a  complex  and  not  easily  defined  restriction  that  PANACEA 
places  on  the  queueing  network  parameter  values.  One  statement  of  this  res- 

Lkg  1 

triction  is  that  -y—  must  be  on  the  order  of  —  for  all  fixed-rate  service  centers 


k  and  classes  s  [McKenna  &  Mitra  61,  McKenna.  Mitra  &  Ramakrishnan  81]. 
However,  this  statement  is  somewhat  ambiguous;  in  its  most  strict  interpreta¬ 
tion  it  would  require,  for  example,  all  of  the  fixed-rate  service  center  loadings 
of  each  class  to  be  of  the  same  order  of  magnitude.  Another,  not  equivalent, 
statement  of  PANACEA'S  restrictions  is  that  the  utilization  of  each  service 
center  must  be  less  than  65  percent  [Ramakrishnan  Mitra  62].  However, 
experimental  results  (section  7.3)  suggest  that  the  range  of  utilizations  treated 
by  the  algorithm  is  strongly  dependent  on  the  delay  service  center  loadings, 
increasing  as  Z*  for  each  class  s  increases.  For  parameter  values  that  the  algo¬ 
rithm  could  not  properly  handle,  version  2.0  of  PANACEA,  which  was  used  to 
obtain  experimental  results,  either  gave  no  bounds,  or  gave  bounds  that  were 
less  accurate  than  even  simple  asymptotic  bounds. 


It  is,  of  course,  possible  that  PANACEA,  the  PBH  algorithm,  or  the  LPBH 
algorithm  can  be  extended  to  treat  more  general  types  of  queueing  networks. 
In  particular,  since  the  PBH  and  LPBH  algorithms  are  based  on  the  MVA  solution 
algorithm,  it  seems  quite  possible  that  they  could  be  extended,  as  has  been  pre¬ 
viously  done  with  MVA  [Sauer  83],  to  treat  general  separable  queueing  networks. 


7.2.  Implementation  Effort 

The  complexity  of  the  theory  underlying  PANACEA  makes  it  doubtful  that 
the  algorithms  used  could  be  independently  implemented  without  significant 
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difficulties.  Version  1.1  of  PANACEA  consists  of  approximately  6000  lines  of  C- 
code  [Ramakrishnan  &  Mitra  82]. 

In  contrast,  the  PBH  and  LPBH  algorithms  are  based  on  the  widely  known 
structure  of  the  MVA  solution  algorithm.  The  implementations  of  the  PBH  and 
LPBH  algorithms  that  were  used  to  provide  numerical  results  consist  of  approx¬ 
imately  200  and  300  lines  of  C-code,  respectively.  (However,  these  implementa¬ 
tions  provided  a  user  interface  much  simpler  than  that  provided  by  PANACEA.) 

7.3.  Accuracy  amd  Computational  Cost 

The  computational  costs  of  the  PBH  and  LPBH  algorithms  were  given  in 
tables  4.3  and  5.13,  respectively.  Both  algorithms  were  applied  to  the  same  test 
queueing  networks,  with  results  as  shown  in  tables  4.4  to  4.9.  and  5.15  to  5.19. 
In  the  accuracy  tests,  the  level  i  LPBH  bounds  were  of  approximately  the  same 
accuracy  as  the  level  i+2  PBH  bounds.  The  computational  cost  results  show 
that  the  former  bounds  are  more  costly  in  terms  of  time,  but  less  costly  in 
terms  of  space.  This  cost  relationship  was  also  observed  empirically. 

Like  the  PBH  and  LPBH  algorithms,  PANACEA  offers  a  tradeoff  between  com¬ 
putational  effort  and  accuracy.  In  PANACEA,  this  tradeoff  is  provided  by  the 
number  of  terms  chosen  in  the  asymptotic  expansions  of  the  required  normali¬ 
zation  constants.  Unfortunately,  in  version  2.0  of  PANACEA  the  number  of 
terms  is  chosen  by  the  software  rather  by  the  user.  In  addition,  there  is  an 
upper  limit  of  4  on  this  quantity  [Ramakrishnan  &  .Mitra  82]. 

It  is  difficult  to  determine  the  computational  complexity  of  the  algorithm 
used  by  PANACEA.  Given  the  upper  limit  of  4  on  the  number  of  terms  t  chosen 
in  the  asymptotic  expansions,  the  time  complexity  is  on  the  order  of  K\cy , 
while  the  storage  requirement  is  approximately  COA  kilobytes  [Ramakrishnan  & 
Mitra  82].  However,  it  is  not  clear  how  the  time  and  space  complexities  would 
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vary  if  t  was  increased  beyond  4.  Empirically,  the  choice  of  i=4  (which  PANA¬ 
CEA  consistently  made  in  the  accuracy  tests)  corresponded,  in  terms  of  compu¬ 
tation  time,  to  a  PBH  bound  level  of  at  least  3. 

The  accuracy  of  PANACEA  was  compared  to  that  of  the  PBH  algorithm  by 
appl)dng  both  algorithms  to  the  queueing  network  of  table  7.1,  and  to  the  net¬ 
work  resulting  from  doubling  the  delay  service  center  loadings.  (PANACEA  is 
not  applicable  to  the  queueing  networks  used  in  the  previous  accuracy  tests  of 
the  PBH  and  LPBH  algorithms,  since  these  networks  have  customer  classes  that 
do  not  visit  delay  service  centers.)  The  results  of  these  tests  are  shown  in  tables 
7.2  to  7.5.  Only  the  primary  performance  measures  of  system  throughput  and 
mean  system  residence  time  are  considered.  The  values  given  for  PANACEA 
were  not  directly  obtainable,  and  had  to  be  derived  by  applying  Little’s  equation 
to  the  bounds  provided  by  PANACEA  on  service  center  utilizations. 


Class 

Fixed-rate  Service  Center  Loadings 

Delay 

Service  Center 
Loadings 

1 

- 1 

2 

3 

4 

5 

6 

7 

8 

A 

.25 

.20 

.17 

.16 

.08 

.06 

.05 

.03 

10 

B 

.08 

.16 

.17 

.25 

.03 

.20 

.05 

.06 

15 

C 

.03 

.05 

.25 

.08 

.17 

.16 

.06 

.20 

20 

D 

.20 

.05 

.08 

.03 

.25 

.06 

.16 

.17 

30 

An  Example  Queueing  Network 

Table  7.1 


Like  the  PBH  algorithm,  PANACEA’S  accuracy  became  poorer  as  the  queue¬ 
ing  network  congestion  increased.  Unlike  the  PBH  algorithm,  PANACEA'S  accu¬ 
racy  improved  when  the  delay  service  center  loadings  were  doubled,  for  a  given 
level  of  queueing  network  congestion.  For  example,  note  that  all  throughputs 
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System  Throughout  Bounds 

Populations 

Class  A 

Class  B 

Class  C 

Class  D 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

10  10  20  20 

.87 

.81 

.61 

.58 

.93 

.89 

.64 

.62 

10  10  10  40 

.87 

.79 

.61 

.57 

.46 

.44 

1.27 

1.22 

10  10  10  60 

.86 

.71 

.60 

.53 

.46 

.41 

1.89 

1.75 

Mean  System  Residence  T] 

ime  Bounds ^ 

Populations 

Class  A 

Class  B 

Class  C 

Class  D 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

10  10  20  20 

2.37 

1.51 

2.39 

1.50 

2.43 

1.52 

2.41 

1.48 

10  10  10  40 

2.65 

1.54 

2.63 

1.48 

2.68 

1.52 

2.74 

1.56 

10  10  10  60 

4.06 

1.63 

4.01 

1.54 

4.13 

1.62 

4.25 

1.71 

Level  3  PBH  Bounds  for  an  Example  Queueing  Network 

Table  7.2 


Populations 

Class  A 

Class  B 

Class  C 

Class  D 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

10  10  20  20 

.47 

.47 

.32 

.32 

.48 

.48 

.33 

.33 

20  20  40  40 

.93 

.87 

.63 

.61 

.96 

.93 

.65 

.64 

20  20  40  80 

.92 

.80 

.63 

.57 

.96 

.88 

1.30 

1.23 

Mean  5y; 

;tem  Residence  T] 

ime  Bounds 

Populations 

Class  A 

Class  B 

Class  C 

Class  D 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

10  10  20  20 

1.33 

1.25 

1.33 

1.24 

1.34 

1.25 

1.32 

1.23 

20  20  40  40 

2.94 

1.56 

2.95 

1.54 

2.99 

1.57 

2.96 

1.52 

20  20  40  80 

5.10 

1.65 

5.10 

1.60 

5.21 

1.68 

5.24 

1 .68 

Level  3  PBH  Bounds  for  an  Example  Queueing  Network 
(Doubled  Delay  Service  Center  Loadings) 


Table  7.3 
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Svsl 

Lem  Throughout  Bounds 

Class  A 

Class  B 

Class  C 

Class  B 

Upper 

Lower 

Upper 

Lower 

Uooer 

Lower 

Upper 

Lower 

10  10  20  20 

,91 

.79 

.62 

.58 

1.00 

.66 

.66 

.64 

10  10  10  40 

.92 

.76 

.62 

.57 

.47 

.45 

1.33 

1.20 

10  10  10  60 

1.00 

- 

.67 

.22 

.50 

.23 

2.00 

1.16 

Mean  System  Residence  Time  Bounds 

Class  A 

Class  B 

Class  C 

Class  D 

i  o  p  u.  i  cL  1 1  o  n.  s 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

10  10  20  20 

2.69 

1.02 

2.36 

1.19 

3.24 

0.00 

1.08 

0.44 

10  10  10  40 

3.12 

.87 

2.41 

1.14 

2.37 

1.26 

3.29 

0.00 

10  10  10  60 

- 

0.00 

30.05 

0.00 

24.39 

0.00 

21.72 

0.00 

PANACEA  Bounds  for  an  Example  Queueing  Network 

Table  7.4 


Populations 

Class  A 

Class  B 

Class  C 

Class  D 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

Uooer 

Lower 

10  10  20  20 

.47 

.47 

.32 

.32 

.49 

.49 

.33 

.33 

20  20  40  40 

.92 

.92 

.63 

.63 

.97 

.97 

.65 

.65 

20  20  40  60 

.92 

.90 

.63 

.62 

.97 

.96 

1.33 

1.27 

Mean  System  Residence  T] 

.me  Bounds 

Populations 

Clas 

Upper 

)S  A 
Lower 

Clas 

Upper 

)S  B 
Lower 

Clas 

Upper 

>s  C 
Lower 

Clas 

Upper 

s  D 
Lower 

10  10  20  20 
20  20  40  40 
20  20  40  60 

1.26 

1.82 

2.34 

1.26 

1.68 

1.80 

1.26 

1.77 

2.12 

1.25 

1.67 

1.76 

1.21 

1.30 

1.49 

1.21 

1.28 

1.15 

1.19 

1.30 

3.12 

1.16 

1.26 

0,00 

PANACEA  Bounds  for  an  Example  Queueing  Network 
(Doubled  Delay  Service  Center  Loadings) 


Table  7.5 
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and  therefore  utili2ations  for  a  population  vector  of  (20  20  40  60)  and  ^vith  dou¬ 
bled  delay  service  center  loadings  are  greater  than  those  for  a  population  vec¬ 
tor  of  (10  10  10  40)  with  the  original  delay  service  center  loadings,  yet 
PANACEA’S  accuracy  is  much  better  in  the  former  case. 

It  is  difficult  to  make  more  precise  statements  about  the  comparative 
accuracy  of  the  two  algorithms  because  of  a  problem  with  bound  reliability  in 
version  2.0  of  PANACEA.  There  are  several  instances  in  tables  7.2  to  7.5  where 
the  PANACEA  bounds  do  not  overlap  with  the  corresponding  PBH  bounds.  To 
verify  that  is  was  indeed  the  PANACEA  bounds  that  were  in  error,  the  queueing 
network  solution  package  THEsolver  [THEsolver  81]  was  used  to  obtain  exact 
results  (at  considerable  cost,  requiring  approximately  an  hour  of  CPU  time  on 
an  IBM  3033)  for  the  queueing  network  of  table  7.1  and  a  population  vector  of 
(10  10  20  20).  The  exact  class  D  system  throughput  and  mean  system  residence 
time  values  were  obtained  as  .63  and  1.59.  respectively,  both  of  which  lie  out¬ 
side  the  bounds  given  by  PANACEA. 

7.4.  Recommendations 

It  appears  that  the  PBH  and  LPBH  algorithms  are  to  be  recommended  over 
PANACEA  as  general  purpose  modelling  tools,  principally  due  to  their  treatment 
of  a  much  larger  class  of  queueing  networks.  PANACEA  can  be  recommended 
only  when  the  modeller's  accuracy  requirements  justify  PANACEA’S  implemen¬ 
tation.  time  and  storage  costs,  and  only  for  queueing  networks  in  which  each 
class  has  a  large  delay  service  center  loading,  and  in  which  there  are  no  load- 
dependent  service  centers.  (This  recommendation  is  premised  on  the  assump¬ 
tion  that  the  problems  with  bound  reliability  noted  in  the  previous  section  can 
be  overcome.) 

The  choice  between  the  PBH  and  LPBH  algorithms  is  essentially  one  of  time 
versus  space.  The  level  i  LPBH  bounds  are  empirically  of  similar  accuracy  as 
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the  level  i+2  PBH  bounds,  and  are  more  costly  in  terms  of  computation  time, 
but  less  costly  in  terms  of  space.  In  general,  the  PBH  algorithm  is  recom¬ 
mended  when  time  is  relatively  expensive  with  respect  to  space,  while  the  LPBH 
algorithm  is  recommended  when  space  is  relatively  expensive  with  respect  to 
time.  An  additional  factor  which  may  affect  the  choice  between  the  algorithms 
is  the  existence  of  a  symbolic  formulation  for  the  PBH  algorithm,  but  not  for 
the  LPBH  algorithm.  A  symbolic  formulation  is  particularly  useful  if  queueing 
network  performance  measures  are  required  for  many  different  population  lev¬ 
els. 
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CHAPTERS 

CONCLUSIONS  AND  DIRECTIONS  FOR  FUTURE  RESEARCH 


This  chapter  summarizes  the  thesis  contents  (section  one)  and  suggests 
directions  for  future  research  (section  two). 

B.l.  Summary  of  Thesis  Work 

The  cost  of  using  an  exact  solution  algorithm  to  analyze  separable  queue¬ 
ing  networks  may  be  prohibitive,  due  to  either  the  number  or  the  size  of  the 
networks  that  must  be  solved.  Approximation  techniques  can  be  used  to  reduce 
this  cost,  but  they  introduce  additional  errors.  The  modeller's  confidence  in 
the  model  validation  process,  and  in  the  performance  predictions  obtained  from 
a  model,  can  be  increased  by  providing  bounds  on  these  errors. 

This  thesis  has  proposed  a  number  of  algorithms  that  first  compute  bounds 
on  the  queueing  network  solution,  and  then  apply  a  simple  heuristic  to  obtain 
point  estimates.  Error  bounds  are  thus  easily  obtainable.  Each  of  the  proposed 
bounding  algorithms  is  based  on  the  recursive  structure  of  one  of  the  exact 
solution  algorithms,  in  which  a  queueing  network  solution  is  recursively  com¬ 
puted  from  the  solutions  of  simpler  networks.  By  utilizing  recursion  basis 
queueing  networks  that  are  much  more  complex  than  the  solution  algorithm 
recursion  basis  networks,  the  computational  cost  is  significantly  reduced. 
Appropriate  estimates  of  the  performance  measures  of  these  more  complex 
networks,  and  in  some  cases  appropriate  modifications  of  the  solution  algo¬ 
rithm  equations,  guarantee  that  the  computation  yields  performance  measure 
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bounds.  One  advantage  of  this  structure  is  that  the  choice  of  the  complexity  of 
the  recursion  basis  networks  provides  a  tradeoff  between  computational  cost 
and  accuracy. 

The  bounding  algorithms  that  have  been  proposed  in  this  thesis  differ  with 
respect  to  the  t5^e  of  queueing  network  treated,  the  solution  algorithm  used  to 
provide  the  basic  computational  structure,  and  the  precise  manner  in  which 
the  solution  algorithm  structure  is  utilized.  Each  of  these  aspects  will  be 
treated  here  in  turn. 

Bounding  algorithms  for  queueing  networks  with  only  a  single  closed  class 
and  optionally  some  number  of  open  classes  were  proposed  in  chapters  three, 
five  and  six.  These  algorithms  are  primarily  of  theoretical  interest,  as  it  is,  in 
practice,  always  feasible  to  solve  a  single  closed  class  queueing  network 
exactly.  (These  algorithms  are  of  practical  benefit  only  when  the  number  of 
queueing  networks  that  are  to  be  analyzed  is  large.)  In  particular,  the  develop¬ 
ment  of  the  single  closed  class  bounding  algorithms  provided  insight  into  the 
design  and  analysis  of  multiple  closed  class  bounding  algorithms,  as  well  as 
theoretical  results  of  independent  importance  such  as  the  convexity  of  mean 
system  residence  time. 

Bounding  algorithms  for  queueing  networks  with  multiple  closed  classes 
and  optionally  some  number  of  open  classes  were  proposed  in  chapters  four  and 
five.  These  algorithms  were  developed  as  extensions  of  the  single  closed  class 
algorithms;  although  these  extensions  required  substantial  modifications,  the 
basic  ideas  remained  the  same. 

The  bounding  algorithms  proposed  in  chapters  three  through  five  were 
based  on  the  iVIean  Value  Analysis  solution  algorithm  (both  the  symbolic  and  the 
non-symbolic  formulation),  while  those  proposed  in  chapter  six  were  based  on 
the  Convolution  solution  algorithm.  Mean  Vedue  Analysis  was  found  to  be  more 
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suitable  them  Convolution  as  a  bounding  algorithm  basis,  which  is  consistent 
with  the  former  algorithm's  popularity  as  a  basis  for  approximation  techniques. 

The  bounding  algorithms  based  on  Mean  Value  Analysis  can  be  further 
differentiated  by  whether  or  not  they  employ  looping  (chapter  five)  in  their 
computation  of  initial  performance  measure  estimates.  By  using  approxima¬ 
tions  that  give  the  performance  measures  of  the  populations  with  one  fewer 
customer  (one  population  for  each  class)  in  terms  of  those  for  the  original 
population,  an  iteration,  or  looping,  can  be  performed  between  the  performance 
measures  of  adjacent  population  levels.  Applied  to  multiple  closed  class  queue¬ 
ing  networks,  looping  saves  space  at  the  expense  of  time,  for  a  given  degree  of 
accuracy. 

The  bounding  algorithms  proposed  in  this  thesis  are  quite  different  in 
structure  from  PANACEA,  the  major  alternative  bounding  algorithm  that  is  also 
applicable  to  queueing  networks  with  multiple  closed  customer  classes.  In 
chapter  seven,  comparisons  were  made  among  PANACEA  and  the  multiple  closed 
class  bounding  algorithms  proposed  in  this  thesis.  The  latter  bounding  algo¬ 
rithms  were  found  to  have  a  number  of  advantages  with  respect  to  PANACEA, 
most  notably  their  treatment  of  a  much  larger  class  of  queueing  networks. 

This  thesis  has  also  proposed,  in  chapter  four,  an  error-bounded  approxi¬ 
mation  algorithm  applicable  to  multiple  closed  class  queueing  networks  An 
error-bounded  approximation  algorithm  differs  from  a  bounding  algorithm  in 
that  a  major  portion  of  its  computational  effort  is  expended  on  point  estim.ates. 
Bounds  on  the  point  estimate  errors,  if  desired,  are  optionally  provided  after 
the  point  estimates  have  been  obtained.  In  the  algorithm  proposed  in  this 
thesis,  error  bounds  are  provided  by  a  modification  of  the  multiple  closed  class 
PBH  algorithm. 
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8.2.  Directions  for  Future  Research 

It  remains  to  be  seen  whether  or  not  bounding  or  error-bounded  approxi¬ 
mation  algorithms  will  become  popular  as  practical  tools.  The  issue  is  pri¬ 
marily  one  of  psychology;  does  the  increased  confidence  afforded  by  error 
bounds  justify  the  additional  cost  required  to  obtain  them? 

The  answer  to  this  question  is,  of  course,  dependent  on  the  quality  of  the 
error  bounds.  For  single  closed  class  queueing  networks,  the  algorithms  pro¬ 
posed  in  this  thesis  can  be  used  to  provide  pessimistic  bounds  on  primary  per¬ 
formance  measures,  for  example,  at  the  same  or  at  a  lower  cost  than  approxi¬ 
mations  of  similar  accuracy  that  lack  error  bounds.  For  multiple  closed  class 
queueing  networks,  however,  point  estimates  can  be  obtained  with  less  compu¬ 
tational  effort  than  PBH  or  LPBH  bounds  of  similar  accuracy.  One  important 
research  question  is  whether  the  multiple  closed  class  bounding  algorithms 
proposed  in  this  thesis  (in  particular,  the  looped  algorithm)  can  be  improved  to 
diminish  or  remove  this  cost  penalty. 

The  usefulness  of  error  bounds  also  depends  on  the  possible  magnitude  of 
the  errors  induced  by  the  popular  approximation  algorithms.  Although  it  is 
known  that  the  aMVA/PE  algorithm  can  induce  large  errors,  it  is  not  known  if 
large  errors  are  possible  in  more  computationally  costly  algorithms  such  as 
Lineeirizer.  However,  one  advantage  of  the  PBH  and  LPBH  algorithms  is  their 
provision  of  tradeoffs  between  accuracy  and  computational  cost.  In  particular, 
they  can  provide  bounds  at  a  much  lower  computationed  cost  than  Linearizer 
can  provide  point  estimates  (although  these  bounds  may  be  much  less  accu¬ 
rate). 

The  practical  utility  of  bounding  algorithms  can  also  be  improved  by 
increasing  their  applicability.  Many  features  important  to  computer  system 
performance  are  best  modelled  in  certain  types  of  non-separable  queueing 
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networks,  for  which  a  number  of  useful  approximation  techniques  have  recently 
been  developed.  Previous  research  [Sevcik  77]  suggests  the  feasibility  of 
developing  algorithms  that  empirically  and/or  intuitively  provide  bounds  for 
these  networks,  but  there  has  been  little  research  that  offers  useful  proof  tech¬ 
niques.  Much  work  in  this  area  remains  to  be  done. 
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APPENDKA 
NOTATION  SUMMARY 

Where  applicable,  quantities  are  indexed  by  the  queueing  network  workload 
intensity  for  which  they  apply.  In  the  context  of  single  customer  class  queue¬ 
ing  networks,  class  subscripts  are  omitted. 


OsiNX) 

Optimistic  asymptotic  bound  on  class  s 
mean  system  residence  time. 

Ale 

For  a  fixed-rate  service  center  k, 
11^'  :  Ljs^Ges  for  all  seC,  j  fixed-rate  ser¬ 
vice  center]  | . 

bsiXlX) 

An  extension  to  queueing  networks  with 
delay  service  centers  of  a  Balanced  Job 
Bound  algorithm  pessimistic  bound  on 
class  s  mean  system  residence  time. 

c 

Index  of  the  closed  class  (single  closed 
class  context  only). 

Cfc 

The  capacity  of  a  load-dependent  service 
center  k  (the  total  service  rate  is  constant 
when  C]f  or  more  customers  are  present). 

C 

Set  indexing  the  closed  classes. 

A  queueing  network  population  vector  con¬ 
sisting  of  only  one  class  s  customer. 

Expansion  ratio  for  service  center  k.  For 
an  arbitrary  closed  class  t  such  that 
this  quantity  is  defined  as 
RictiN+^t) 

Lkt 

G{NX.k) 

Normalization  constant  for  the  queueing 
network  consisting  of  service  center  k  and 
those  service  centers  preceding  center  k 
in  some  indexing. 

K 

Number  of  queueing  network  service 
centers,  excluding  delay  service  centers. 

Ges 

Loading  of  a  class  s  customer  at  a  fixed- 
rate  service  center  k. 

Lksim) 

Loading  of  a  class  s  customer  at  a  load- 
dependent  service  center  k  when  there 
are  m  customers  present. 
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L^r 

The  average  loading  of  class  s  customers 
when  encountering  customers  from  the 
class  r  heap. 

The  average  loading  of  class  s  customers 
when  encountering  customers  from  a  heap 
(class  unspecified). 

L^'> 

(single  closed  class,  no  load- 

fc  =  i 

dependent  service  center  context  only). 

^[*1.  •••■«,] 

X)  (multiple  closed  classes,  no 

fc  =  ly  =  l  ^ 

load-dependent  service  center  context 
only). 

riksi^X) 

Mean  queue  length  of  class  s  customers  at 
service  center  k . 

Class  s  queue  length  (heap)  that  is  to  be 
cdlocated  to  a  group  of  queueing  network 
service  centers,  and  that  has  not  been  ac¬ 
counted  for  by  some  choice  of  approxi¬ 
mate  mean  queue  lengths. 

Ns 

Number  of  customers  (workload  intensity) 
of  a  closed  class  s  , 

N 

Total  number  of  customers  in  the  closed 
classes. 

A  vector  giving  the  number  of  customers 
of  each  closed  class. 

0 

Set  indexing  the  open  classes. 

Pk{Tn\flX) 

Probability  of  m  customers  enqueued  at 
service  center  k . 

preCr 

for  1  indexing  the  classes  that  pre- 

i 

cede  class  r  in  some  arbitrary  ordering  of 
the  elements  of  C  (m^  values  fixed  by  con¬ 
text). 

R„{i^X) 

Mean  total  residence  time  of  a  class  s  cus¬ 
tomer  at  3er\dce  center  k. 

Mean  system  residence  time  (excluding 
delay  service  center  mean  residence  time) 
of  a  class  s  customer. 
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UksiNX) 


Utilization  of  service  center  k  by  class  s 
customers. 


Vjc(n.p) 

V{7l,p) 


.p) 

W{n,p) 


^fc(^.[si.  •  •  ■  .Sp]) 


lK(7l.[si.  •  ■  ■  .Sp]) 


^{XfX) 

Zs 

Sr. 

HN) 


K 

X 

Special  Superscripts 
v{i) 


I^Eitin-l)  (single  closed  class,  no  load- 
dependent  service  center  context  only). 

K 

Y,  LSZk{n-l)  (single  closed  class,  no 

/fe=i 

load-dependent  service  center  context 
only). 

I^Eif{n-p)  (single  closed  class,  no  load- 
dependent  service  center  context  only). 

K 

2  (tt- -p )  (single  closed  class,  no 

jfe=i 

load-dependent  service  center  context 
only). 

^s.)  (multiple  closed 

3=1  3=1 

classes,  no  load-dependent  service  center 
context  only). 

E  (fl4s-)Zi:(7l- J  ^s.)  (multiple  closed 
*  =  1  3  =  1  3  =  1 

classes,  no  load-dependent  service  center 
context  only). 

System  throughput  of  class  s  customers. 

Class  s  loading  at  an  aggregate  delay  ser¬ 
vice  center. 

Equals  1  if  r=s;  0  otherwise. 

The  change  in  the  mean  number  of  custo¬ 
mers  at  the  fixed-rate  service  centers 
when  going  from  population  level  iV-1  to  N 
(single  closed  class  context  only). 

Arrival  rate  of  customers  (workload  inten¬ 
sity)  of  an  open  class  s. 

A  vector  giving  the  arrival  rate  of  each 
open  class. 


Performance  measures  yielded  by  i  com¬ 
putational  steps  from  initial  performance 
measure  values  superscripted  by  t;(0)  {v 
may  be  used  as  a  shortened  form  of  v  (0)). 
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+k 


-k 


Special  Subscripts 
appr 


b 


LB 

opt 


p2SS 


UB 


Performance  measures  yielded  by  i  com¬ 
putational  steps  (initial  performance 
measure  values  either  clear  from  context, 
or  not  specified). 

Performance  measures  of  a  queueing  net¬ 
work  with  an  additional  service  center 
with  loadings  identical  to  those  of  service 
center  k. 

Performance  measures  of  a  queueing  net¬ 
work  with  service  center  k  removed. 


Quantities  produced  by  an  error-bounded 
approximation  algorithm. 

The  index  of  a  bottleneck  service  center 
(single  closed  class,  no  load-dependent 
service  center  context  only). 

LiOwer  bound  on  a  quantity. 

Quantities  produced  during  a  computation 
of  i  optimistic  performance  measure 
bounds. 

Quantities  produced  during  a  computation 
of  pessimistic  performance  measure 
bounds. 

Upper  bound  on  a  quantity. 
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CSRG-120  PTED:  A  STANDARD  PASCAL  TEXT  EDITOR  BASED  ON 
THE  KERNIGHAN  AND  PLAUGER  DESIGN 
Ken  Newman,  DCS 
October  1980 

CSRG-121  TERMINAL  CONTEXT  GRAMMARS 
Howard  W.  Trickey 
[M.Sc.  Thesis,  EE,  September  1980] 

CSRG-122  THE  APPROXIMATE  SOLUTION  OF  LARGE  QUEUEING 
NETWORK  MODELS 
John  Zahorjan 

[PhD.  Thesis,  DCS,  August  1980] 

CSRG-123  A  FORMAL  TREATMENT  OF  IMPERFECT  INFORMATION 
IN  DATABASE  MANAGEMENT 
Yannis  Vassiliou 

[PhD.  Thesis,  DCS,  September  1980] 

CSRG-124  AN  ANALYTIC  MODEL  OF  PHYSICAL  DATABASES 
Don  S.  Batory 

[PhD.  Thesis,  DCS,  January  1981] 

CSRG.125  MACHINE-INDEPENDENT  CODE  GENERATION 
Richard  H.  Kozlak 
[M.Sc.  Thesis,  DCS,  January  1981] 

CSRG-126  COMPUTER  MACRO-SCHEDULING  FOR  HIGH  PRODUCTIVITY 
Abraham  Schonbach 
[PhD.  Thesis,  DCS,  March  1981] 

CSRG-127  OMEGA  ALPHA 

D.  Tsichritzis  (ed.),  March  1981 

+CSRG-128  DIALOGUE  AND  PROCESS  DESIGN  FOR  INTERACTIVE 
INFORMATION  SYSTEMS  USING  TAXIS 
John  Barron,  April  1981 

CSRG-129  DESIGN  AND  VERDTCATION  OF  INTERACTIVE  INFORMATION 
SYSTEMS  USING  TAXIS 
Harry  K.T.  Wong 

[PhD.  Thesis,  DCS,  to  be  submitted] 

CSRG-130  DYNAMIC  PROTECTION  OF  OBJECTS  IN  A  COMPUTER  UTILITY 
Leslie  H.  Goldsmith,  April,  1981 

CSRG-131  INTEGRITY  ANALYSIS:  A  METHODOLOGY  FOR  EDP  AUDIT 
AND  DATA  QUALITY  CONTROL 
Maija  Irene  Svanks 
[PhD.  Thesis,  DCS,  February  1981] 
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CSRG-132  A  PROTOTYPE  KNOWLEDGE-BASED  SYSTEM 

FOR  COMPUTER-ASSISTED  MEDICAL  DIAGNOSIS 
Stephen  A,  Ho-Tai 
[M.Sc.Thesis,  DCS,  January  1981] 

•+CSRG-133  SPECinCATION  OF  CONCURRENT  EUCLID 
James  R.  Cordy,  Richard  C.  Holt 
August  1981  (Version  1) 

CSRG-134  ANOTHER  LOOK  AT  COMMUNICATING  PROCESSES 

E. CA.  Hehner  and  CAJl.  Hoare,  July,  1981 

CSRG-135  ROBUST  CONCURRENCY  CONTROL  IN  DISTRIBUTED  DATABASES 
Derek  L.  Eager 

[M.Sc.  Thesis,  DCS,  October  1981] 

CSRG-136  ESTIMATING  SELECTIVITIES  IN  DATA  BASES 
Stavros  Christodoulakis 
[PhD.  Thesis,  DCS,  December  1981] 

CSRG-137  SATISFYING  DATABASE  STATES 
Marc  H.  Graham 

[PhD.  Thesis,  DCS,  December  1981] 

•  CSRG-138  IMPROVING  THE  PERFORMANCE  OF  DATA  BASE  SYSTEMS 
Geovane  Cayres  Magalhaes 
[PhD.  Thesis,  DCS,  December  1981] 

+CSRG-139  A  FORMAL  TREATMENT  OF  INCOMPLETE  KNOWLEDGE  BASES 
Hector  J.  Levesque 
[PhD.  Thesis,  DCS,  February  1982] 

CSRG-140  AN  OVERVIEW  OF  TUNIS:  A  UNIX  LOOK-ALIKE 
WRITTEN  IN  CONCURRENT  EUCLID 
R.C.  Holt,  February  1982 

CSRG-141  ON  PROVING  THE  ABSENCE  OF  EXECUTION  ERRORS 
W.  David  Elliott 

[PhD.  Thesis,  DCS,  September  1980] 

-l-CSRG-142  A  METHODOLOGY  FOR  PROGRAMMING  WITH  CONCURRENCY 
Christian  Lengauer 
[PhD.  Thesis,  DCS,  April  1982] 

CSRG-143  ALPHA  BETA 

F.  Lochovsky  (ed.).  May  1982 

CSRG-144  A  FIRST-ORDER  DYNAMIC  LOGIC  FOR  PLANNING 
Henry  A.  Kautz 
{MJSc.  Thesis,  DCS,  May  1982] 
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CSRG-145  ASYNCHRONOUS  MULTIPLE  ACCESS  TREE  ALGORITHMS 
MX.  MoIIe,  Augiist  1982 

CSRG-146  DETECTING  INTERSECTION  AMONG  STAR  POLYGONS 
Delfin  Montuno,  Alain  Fournier 
September  1982 

+CSRG-147  CONCURRENCY  CONTROL  PERFORMANCE  ISSUES 
Bruce  1.  Galler 

[PhX>,  Thesis,  DCS,  September  1982] 

CSRG-148  FINDING  X-Y  CONVEX  HULL  OF  A  SET  OF  X-Y  POLYGONS 
Delfin  Y.  Montuno,  Alain  Fournier 
November  1982 

CSRG-149  VIRTUAL  TIME  CSMA;  A  STUDY 
Dimitri  Konstantas 
[M.Sc.  Thesis,  DCS,  January  1983] 

CSRG-150  BETA  GAMMA 

D.  Tsichritzis  (ed.)  1983 

CSRG-151  A  COMPUTATIONAL  MODEL  FOR  THE  ANALYSIS  OF  ARGUMENTS 
Robin  Cohen 

[PhX).  Thesis,  DCS,  October  1983] 

CSRG-152  STRUCTURE  OF  A  PORTABLE  OPERATING  SYSTEM 
Mark  P.  Mendell 
[M.Sc.Thesis,  DCS,  1983] 

CSRG-153  THE  TURING  LANGUAGE  REPORT 
Richard  C.  Holt  and  James  R.  Cordy 
December  1983 

CSRG-154  AN  OBJECT-ORIENTED  OFHCE  DATA  MODEL 
Simon  J.  Gibbs 

[PhJD.  Thesis,  DCS,  January  1984] 

CSRG-155  REQUIREMENTS  MODELING:  A  KNOWLEDGE  REPRESENTATION 
APPROACH  TO  SOFTWARE  REQUIREMENTS  DEFINITION 
Sol  J.  Greenspan 
[PhD.  Thesis,  DCS,  March  1984] 

CSRG-156  BOUNDING  ALGORITHMS  FOR  QUEUEING  NETWORK  MODELS 
OF  COMPUTER  SYSTEMS 
Derek  L.  Eager 

[PhD.  Thesis,  DCS,  March  1984] 


